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ABSTRACT 

A combined convection process between two parallel vertical infinite walls, containing an incompressible viscous 
fluid layer and a fluid saturated porous layer has been presented analytically. There is a vertical axial variation of 
temperature in the upward direction along the walls. The Brinkman extended Darcy model is applied to describe the 
momentum transfer in the porous region. The viscosity of the fluid layer and the effective viscosity of the porous 
layer are assumed to be different. Also the thermal conductivities of both fluid and porous layers are assumed to be 
different. The graphs and tables have been used to distinguish the influence of distinct parameters on the velocity and 
skin-friction. It is determined that the velocity is intensified on making greater the temperature difference between the 
walls while increment in the viscosity ratio (porous/fluid) parameter diminishes the velocity of the fluid. It has been 
observed that the numerical values of the skin-frictions have an increasing tendency with the increment in the values 
of temperature difference between the walls while decreasing tendency with the increment in the viscosity ratio 
parameter (porous/fluid).       
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NOMENCLATURE 

     temperature gradient ܣ
                along the wall 
 Darcy number ܽܦ
݀ᇱ distance of interface 
݀ distance of interface in       
                non-dimensional form 
݃ acceleration due to  
                gravity 
          distance between the ܪ
                vertical walls 
݇ᇱ permeability of the porous    
                medium 
ܲᇱ pressure 
ܳ constant including    
                pressure gradient term 
ܴܽ Rayleigh number 
ܴܿ ratio of thermal      
                conductivities 
ܴ߭ ratio of effective viscosity     
                to the dynamic viscosity 

଴ܶ
ᇱ reference temperature  

ଵܶ
ᇱ temperature at the wall 0=′ݕ 

 ᇱ-directionݔ ᇱ velocity along theݑ
   -direction in non-ݔ velocity along ݑ
                dimensional form 
 ᇱ vertical coordinateݔ
   vertical coordinate in non- dimensional ݔ
                form 
 ᇱ            horizontal coordinateݕ
 horizontal coordinate in non- dimensional ݕ
               form            
 
Greek symbols 
  thermal diffusivity ߙ
 coefficient of thermal expansion ߚ
 ௙ dynamic viscosity of the fluidߤ
  ௘௙௙ effective viscosity of the porous regionߤ
 temperature in non-dimensional form ߠ
 density  ߩ
 
Subscripts 
݂ fluid layer 
 porous layer ݌
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1. INTRODUCTION  
The phenomena of mixed or combined convection arise 
when both free and forced convection simultaneously 
occur. Free convection means the motion which arises 
due to buoyancy effects while forced convection results 
due to any external force. An analytical solution of 
mixed convective flow between vertical parallel walls 
for higher Rayleigh number has been presented by 
Beckett and Friend (1984). A study of mixed 
convection flows between parallel plate channels has 
been presented by Aung and Worku (1986). An exact 
analytical solution of mixed convective flow on a 
permeable vertical cylinder in a saturated porous 
medium has been given by Ramanaiah and Malarvizhi 
(1990). Singh et al. (1993) have presented numerically 
the three dimensional free convection in a cavity as a 
result of side heating. An analytical study of natural 
convective flow in a composite system containing fluid 
and porous layers between two vertical walls has been 
presented by Paul et al. (1998).   Paul et al. (1999) have 
further extended in case of unsteady natural convective 
flow. 
 
The problem of mixed convection in a porous medium 
bounded by two vertical walls has been done by Mishra 
et al. (2002).  Nobari and Beshkani (2007) have studied 
numerically the mixed convective flow in a vertical 
channel by applying finite difference method based on 
projection algorithm. The mixed convective flow 
between vertical parallel plates has been solved 
numerically by Guillet et al. (2007). A numerical study 
of mixed convective flow in rotating ducts has been 
done by Chiu et al. (2007). Ahmad et al. (2008) has 
investigated numerically the mixed convection along 
vertical thin needles. An analytical solution as well as a 
numerical solution is obtained by Barletta (2008) for 
the mixed convective flow in an inclined tube. The 
problem of unsteady turbulent flow and mixed 
convection has been presented numerically by Perng 
and Wu (2008). A numerical solution of mixed 
convective flow across a confined square cylinder has 
been acquired by Dhiman et al. (2008).  A numerical 
result of the problem of mixed convective flow along a 
vertical slender cylinder has been given by                          
Singh and Roy (2008) and the corresponding result for 
unsteady mixed convective flow has been shown by 
Singh et al. (2008). The problem of mixed convection 
of a nano fluid containing water and ݈ܣଶܱଷ in 
horizontal and inclined tubes with constant heat flux 
has been examined numerically by Akbari et al. (2008).  
 
Zanchini (2008) has given an analytical solution of 
mixed convective flows in a vertical annulus having 
constant wall temperatures. For the mixed convective 
flow of a viscoelastic fluid over a horizontal circular 
cylinder a numerical result has been presented by 
Anwar et al. (2008). Using Keller-box method, a 
numerical study of mixed convective flow in a porous 
medium has been done by Ishak et al. (2008). The 
problem of mixed convective flow from a wavy surface 
has been investigated experimentally by Kuhn and Rohr 
(2008). The study of turbulent mixed convection from 
vertical, parallel plate channels is discussed by Balaji et 
al. (2008) by applying asymptotic considerations. The 
effect of surface mass transfer on mixed convective 

flows is exhibited by giving numerical solution by 
Datta et al. (2008). Mohammed (2008) has given an 
experimental result of mixed convective flow in a 
vertical circular tube under constant heat flux boundary 
conditions. The problem of mixed convection in a 
rectangular enclosure is numerically solved by Saha et 
al. (2008) using finite element method. Sharma and 
Singh (2009) have shown the effects of variable thermal 
conductivity and heat source/sink on flow of a viscous 
incompressible electrically conducting fluid past a 
semi-infinite flat plate by using shooting method. A 
numerical solution is carried out by Mahanti and Gaur 
(2009) in order to show the effect of varying viscosity 
and thermal conductivity on steady natural convective 
flow of a viscous incompressible fluid by applying the 
Runge-Kutta fourth order method with shooting 
technique. 
 
The study of mixed convection in a composite system 
has its importance in various fields such as aeronautical 
engineering, petroleum reservoir engineering, the 
technologies of paper, geothermal energy, storage 
system etc. The motive of contemplating this study is to 
present an analytical solution of mixed convection 
between two vertical walls containing a fluid and a 
porous material when the temperature of the walls 
varies vertically upward. Brinkman extended Darcy 
model is used to model the flow in porous region. For 
fully developed laminar flow, the velocity has only one 
component in vertical direction. The viscosity of the 
fluid layer and the effective viscosity of the porous 
layer are taken to be different. Three different analytical 
solutions of the model have been obtained depending 
on the values of Darcy number, viscosity ratio 
parameter, thermal conductivity ratio parameter and 
Rayleigh number. Finally effects of various physical 
parameters have been shown by using graphs and 
tables.  
 

2. MATHEMATICAL FORMULATION  
In the given problem a steady fully developed laminar 
free convective flow between two infinite vertical walls 
filled with a fluid layer and a fluid saturated porous 
layer is considered as shown in Fig. 1. The interface of 
fluid and porous layers is taken permeable so that fluid 
can flow from one layer to other. The ݔᇱ-axis is taken in 
the vertical direction while ݕᇱ-axis is taken in the 
horizontal direction. The walls at ݕᇱ ൌ 0 and ݕᇱ ൌ  ܪ
are maintained at the temperatures ଴ܶ ൅  ᇱ andݔܣ

ଵܶ ൅  ᇱ is the distanceݔ ᇱ respectively, whereݔܣ
measured vertically in the upward direction. Under 
usual Boussinesq’s approximation, the governing 
equations in the reference of the considered problem in 
non-dimensional form are derived as follows: 
 
For fluid region (Beckett and Friend (1984)): 
ௗమ௨೑

ௗ௬మ ൅ ௙ߠܴܽ ൌ െ1,                        (1) 

ௗమఏ೑

ௗ௬మ െ ௙ݑ ൌ 0,           (2) 

For porous region (Mishra et al. (2002)): 

ܴ߭ ௗమ௨೛

ௗ௬మ ൅ ௣ߠܴܽ െ ଵ
஽௔

௣ݑ ൌ െ1,       (3) 
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ܴܿ ௗమఏ೛

ௗ௬మ െ ௣ݑ ൌ 0.                        (4) 

The corresponding boundary and matching conditions 
in non-dimensional form are acquired as follows (Singh 
et al. (1993)): 
 

ݕ ݐܽ ൌ ௙ݑ                  ,0 ൌ ௙ߠ       ,0 ൌ 0,   

ݕ ݐܽ ൌ ௣ݑ ,1 ൌ ௣ߠ        ,0 ൌ భ்
ᇲି బ்

ᇲ

஺ுொ
ൌ ܳ,

    

ݕ ݐܽ ൌ ௙ݑ ,݀ ൌ        ,௣ݑ
ௗ௨೑

ௗ௬
ൌ ܴ߭ ௗ௨೛

ௗ௬
 ,        

ݕ ݐܽ  ൌ ௙ߠ                 ,݀ ൌ ௣,        ௗఏ೑ߠ

ௗ௬
ܴܿ ௗఏ೛

ௗ௬
.     

                                                                                     (5) 

The non-dimensional quantities used in the above 
equations are obtained as follows: 
 

ݕ ൌ ௬ᇲ

ௗ
௙ݑ               , ൌ

௨೑
ᇲ ு

ொఈ೑
௣ݑ          ,  ൌ ௨೛

ᇲ ு
ொఈ೑

,  

θ௙ ൌ
ఏ೑

ᇲ

஺ுொ
,             θ௣ ൌ ఏ೛

ᇲ

஺ுொ
ߥܴ          , ൌ ஜ೐೑೑

ஜ೑
,  

ܽܦ ൌ ௄ᇲ

ுమ,              ܴܿ ൌ ఈ೛

ఈ೑
 ,           ܴܽ ൌ ఘ௚஺ఉுర

ఈ೑ஜ೑
, 

ܳ ൌ ఘுయ

ఈ೑ஜ೑
ቄቀെ ଵ

ఘ
ௗ௉ᇲ

ௗ௫ᇲ ൅ ݃ቁ ൅  ᇱቅ.                           (6)ݔܣߚ݃

 

Eliminating ߠ௙ from Eqs. (1) and (2), we get a fourth 
order differential equation in ݑ௙ as 
ௗర௨೑

ௗ௬ర ൅ ௙ݑܴܽ ൌ 0         (7) 

while eliminating ߠ௣ from Eqs. (3) and (4) a fourth 
order differential equation in ݑ௣ is obtained as  
ௗర௨೛

ௗ௬ర െ ଵ
஽௔

ௗమ௨೛

ௗ௬మ ൅ ோ௔
ோ௖

௣ݑ ൌ 0,                       (8) 

whose auxiliary roots are obtained as given below: 

 

݉ଵ ,݉ଶ ൌ ±ට ଵାௌ
ଶ஽௔ோఔ

  , 

݉ଷ ,݉ସ ൌ  ±ට ଵିௌ
ଶ஽௔ோఔ

 ,                                                   (9) 

where 

ܵ ൌ ට1 െ ସோ௔ோఔ஽௔మ

ோ௖
. 

It is obvious from the auxiliary roots described in        
Eq. (9), that the solution for the velocity and 
temperature fields depends on the values of ܴܽ, ܴߥ, 
 and ܴܿ and there arises three different cases which ܽܦ
are as follows: 
 

Case1. When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
൐ 0; 

In this case S will be a real number. Solving Eqs. (7) 
and (8) with their proper boundary conditions the 

solution for ݑ௙, ߠ௙, ݑ௣ and, ߠ௣ are    obtained as given 
below: 

 

௙ݑ ൌ ݁ே௬ሺܥଵ cos ݕܰ ൅ ଶܥ sin  ሻݕܰ

      ൅݁ିே௬ሺܥଷ cos ݕܰ ൅ ସܥ sin  ሻ,                         (10)ݕܰ

௙ߠ  ൌ െ ଵ
ோ௔

െ ଶேమ

ோ௔
ሾ݁ே௬ሺܥଶ cos ݕܰ െ ଵܥ sin  ሻݕܰ

       ൅݁ିே௬ሺܥଷ sin ݕܰ െ ସܥ cos  ሻሿ,.                     (11)ݕܰ

௣ݑ  ൌ ሺܥହ cosh ݄ଵݕ ൅ ଺ܥ sinh ݄ଵݕሻ 

       ൅ሺܥ଻ cosh ݄ଶݕ ൅ ଼ܥ sinh ݄ଶݕሻ,                         (12)  

௣ߠ   ൌ െ ଵ
ோ௔

െ ோఔ
ோ௔

ሾܥହ݄ଵ
ଶ cosh hଵy ൅ ଺݄ଵܥ

ଶ sinh hଵy 

       ൅ܥ଻݄ଶ
ଶ cosh hଶy ൅ ଶ଼݄ܥ

ଶ sinh ݄ଶݕሿ ൅ ଵ
஽௔ோ௔

  

        ሾܥହ coshሺ݄ଵݕሻ ൅ ଺ܥ sinhሺ݄ଵݕሻ ൅ ଻ܥ coshሺ݄ଶݕሻ 

       ൅଼ܥ sinhሺ݄ଶݕሻሿ.                                                 (13) 

 

The above solutions are valid only for 0 < ܵ< 1. 
 

Case2. When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
ൌ 0; 

In this case, the velocity and temperature fields in the 
fluid and porous region with the suitable boundary 
conditions are derived as 

 

௙ݑ ൌ ݁ே௬ሺܥଵ cos ݕܰ ൅ ଶܥ sin  ሻݕܰ

      ൅݁ିே௬ሺܥଷ cos ݕܰ ൅ ସܥ sin  ሻ,                         (14)ݕܰ

௙ߠ ൌ െ
1

ܴܽ െ
2ܰଶ

ܴܽ ሾ݁ே௬ሺܥଶ cos ݕܰ െ ଵܥ sin  ሻݕܰ

      ൅݁ିே௬ሺܥଷ sin ݕܰ െ ସܥ cos  ሻሿ,                       (15)ݕܰ

௣ݑ ൌ ሺܥହ ൅ ሻݕ଺ܥ cosh   ݕ݉

     ൅ሺܥ଻ ൅ ሻݕ଼ܥ sinh  (16)                                         ,ݕ݉

௣ߠ ൌ െ
1

ܴܽ െ
ߥܴ
ܴܽ ሾሼ݉ଶሺܥଵ ൅ ሻݕଶܥ ൅  ସሽܥ2݉

       cosh ݕ݉ ൅ ሼ݉ଶሺܥଷ ൅ ሻݕସܥ ൅ ଶሽ sinhܥ2݉   ሿݕ݉

      ൅ ଵ
஽௔ோ௔

ሾሺܥଵ ൅ ሻݕଶܥ cosh ݕ݉ ൅ ሺܥଷ ൅  ሻݕସܥ

        sinh  ሿ.                                                           (17)ݕ݉

 

Case3. When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
൏ 0; 

S will be imaginary in this case. The expressions for the 
velocity and temperature fields in the fluid and porous 
region with the corresponding boundary conditions are 

 

௙ݑ ൌ ݁ே௬ሺܥଵ cos ݕܰ ൅ ଶܥ sin  ሻݕܰ

      ൅݁ିே௬ሺܥଷ cos ݕܰ ൅ ସܥ sin  ሻ,                         (18)ݕܰ

௙ߠ ൌ െ
1

ܴܽ െ
2ܰଶ

ܴܽ ሾ݁ே௬ሺܥଶ cos ݕܰ െ ଵܥ sin  ሻݕܰ

      ൅݁ିே௬ሺܥଷ sin ݕܰ െ ସܥ cos  ሻሿ,                       (19)ݕܰ
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௣ݑ ൌ ݁ఈ௬ሺܥହ cos ݕߚ ൅ ଺ܥ sin  ሻݕߚ

       ൅݁ିఈ௬ሺܥ଻ cos ݕߚ ൅ ଼ܥ sin  ሻ,                         (20)ݕߚ

௣ߠ ൌ െ
1

ܴܽ ൅
1

ܴܽܽܦ ሾ݁௔௬ߚሼܥହ cos ݕߚ ൅ ଺ܥ sin  ሽݕߚ

      ൅݁ି௔௬ሼܥ଻ cos ݕߚ ൅ ଼ܥ sin ሽሿݕߚ  െ ோఔ
ோ௔

ሾܥହ݁௔௬ 

       ሼሺߙଶ െ ଶሻߚ cos ݕߚ െ ߚߙ2 sin ሽݕߚ ൅  ଺݁௔௬ܥ

      ሼሺߙଶ െ ଶሻߚ sin ݕߚ ൅ ߚߙ2 cos ሽݕߚ ൅  ଻݁ି௔௬ܥ

       ሼሺߙଶ െ ଶሻߚ cos ݕߚ ൅ ߚߙ2 sin ሽݕߚ ൅  ௔௬ି଼݁ܥ

        ሼሺߙଶ െ ଶሻߚ sin ݕߚ െ ߚߙ2 cos  ሽሿ.                  (21)ݕߚ

 

By using the Eqs. (10), (12), (14), (16), (18) and (20), 
expressions for the skin frictions in all three cases are 
derived as follows: 

 

Case 1: When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
൐ 0;  

߬ଵ ൌ ቀௗ௨೑

ௗ௬
ቁ

௬ୀ଴
ൌ ܰሺܥଵ ൅ ଶܥ ൅ ସܥ െ  ଷሻ,    (22)ܥ

߬ଶ ൌ െ ቆ
௣ݑ݀

ݕ݀ ቇ
௬ୀଵ

 

      ൌ െሺܥହ݄ଵ sinh ݄ଵ ൅ ଺ܥ ݄ଵcosh ݄ଵሻ 

      ൅ሺܥ଻ ݄ଶ sinh ݄ଶ ൅ ଶcosh଼݄ܥ ݄ଶሻ.                       (23)    

 

Case 2: When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
ൌ 0; 

߬ଵ ൌ െ ቀௗ௨೑

ௗ௬
ቁ

௬ୀ଴
  

     ൌ െܰሺܥଵ ൅ ଶܥ ൅ ସܥ െ  ଷሻ,                                 (24)ܥ

߬ଶ ൌ ቆ
௣ݑ݀

ݕ݀ ቇ
௬ୀଵ

 

      ൌ ሼሺܥହ ൅ ଺ሻ݉ܥ ൅ ሽ଼ܥ sinh ݉ 

        ൅ሼሺܥ଻ ൅ ሻ଼݉ܥ ൅ ଺ሽܥ cosh ݉.                           (25)    

 

Case 3: When 1 െ ସோ௔ோఔ஽௔మ

ோ௖
൏ 0; 

߬ଵ ൌ ቀௗ௨೑

ௗ௬
ቁ

௬ୀ଴
ൌ ܰሺܥଵ ൅ ଶܥ ൅ ସܥ െ  ଷሻ,                (26)ܥ

߬ଶ ൌ െ ቆ
௣ݑ݀

ݕ݀ ቇ
௬ୀଵ

 

ൌ ݁ఈሼܥହሺߙ cos ߚ െ βsin ሻߚ ൅ ߙ଺ሺܥ sin ߚ ൅
ߚ cos ሻሽߚ െ ݁ఈሼ଼ܥሺߚcos ߚ െ sinߙ ሻߚ െ sinߚ଻ሺܥ ߚ ൅
cosߙ                                                                                    ሻሽߚ
(27)      

The parameters used in the above equations are 
mentioned in the appendix. 
 

3. RESULTS AND DISCUSSION 
The influence of different physical parameters on the 
velocity field is depicted in the Figs. 2-3 for the case 
ܵ ൐ 0 while in the Figs. 4-6 for ܵ ൌ 0 and finally for 

the case ܵ ൏ 0 in the Figs. 7-11. In Fig. 2 the effect of 
thermal conductivity ratio parameter ܴܿ and viscosity 
ratio parameter ܴߥ on the velocity field is shown. From 
the figure it can be clearly observed that the velocity is 
showing decreasing behavior with the increment in the 
values of ܴߥ for all the values of Darcy number and this 
is expected due to impact of more viscous force. 
For ܽܦ ൌ 10ିଶ, we can see that the effect of viscosity 
ratio parameter is negligible in the porous region. There 
is a decrement in the velocity on increasing the values 
of ܴܿ in the fluid region while there is an increment in 
the velocity on increasing the values of ܴܿ in the porous 
region. This phenomenon may occur due to more 
diffusion of heat in porous layer than fluid layer. In  
Fig. 3, the impact of pressure gradient constant ܳ, on 
the velocity field is hold to view. By examining the 
figure it has been noticed that the velocity becomes 
greater when the values of ܳ grow i.e., when the 
temperature difference between two walls is increasing. 
This is attributed to fact that velocity increases due to 
increment in the buoyancy force. In Fig. 4, the effect on 
the velocity field for the different values of ܴܿ, ܴߥ and 
ܴܽ has been displayed when ܵ ൌ 0. The figure 
manifestly notifies that on increasing the value of ܴߥ, 
the velocity decreases for all the values of Darcy 
number.  
 
In Fig. 5, the relation between the fluid layer width ݀ 
and the velocity has been presented to view. The figure 
completely notifies that with the increment in the fluid 
layer width ݀ the velocity has growing nature for all the 
values of Darcy number. But for ܽܦ ൌ .05, in the 
porous region there is a negligible influence of 
increment in fluid layer width. In Fig. 6, the variation in 
the velocity due to variation in the values of ܳ has been 
shown. It is clear from the figure that when ܳ ൌ 0, that 
is when the temperature difference between two walls is 
zero then the flow is in the upward direction while 
for ܳ ൐ 0, the flow is in the reverse direction.  
 
In Fig. 7, the velocity profiles are shown for different 
values of  ܴܿ and ܴߥ. It is remarkable from the figure 
that the effect of ܴߥ on the velocity is to decrease it for 
all considered values of Darcy number. In this case also 
the velocity has a decreasing tendency in the fluid 
region while it is showing an increasing nature in the 
porous region on increasing the values of ܴܿ. Also 
velocity is more apparent for ܽܦ ൌ 10ିଵ  than that 
of ܽܦ ൌ 10ିଶ. In Fig. 8, the effect of Rayleigh number 
ܴܽ on the velocity field has been exhibited. It is quite 
remarkable from the figure that there is a decrement in 
the velocity due to increment in the values of ܴܽ. In 
Fig. 8, the relation of velocity with the fluid layer width 
has been hold to view. From the figure it can be easily 
seen that the velocity varies in an increasing manner on 
increasing the fluid layer width. Figures 10 and 11 are 
given to describe the effect of ܳ on the velocity when ܳ 
hold the values close to zero and when ܳ hold the 
values greater than zero respectively. From both the 
Figs. 9 and 10, it is obvious that the velocity has 
increasing tendency with the increment in the values 
of ܳ for the all values of Darcy number.  
 
At last, the numerical values of the skin-friction are 
computed on both the walls. Here,  ߬ଵ and ߬ଶ represent 
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the numerical values of skin-friction on the walls ݕ ൌ 0 
and ݕ ൌ 1 respectively and they are given in Tables 1, 2 
and 3 for the different three cases ܵ ൐ 0, ܵ ൌ 0, and 
ܵ ൏ 0 respectively. From the Table 1, it is observed that 
on increasing the values of ܴߥ and ܴܽ both  ߬ଵ and ߬ଶ 
are decreasing while increasing due to increment in the 
values of Darcy number, fluid layer width ݀ and 
pressure gradient constant ܳ. The increment in the 
values of ܴܿ makes decrement in ߬ଵ while it makes 
increment in ߬ଶ for all the values of Darcy number. 
From Table 2, it can be clearly viewed that the values 
of both  ߬ଵ and ߬ଶ increase with the fluid layer width ݀ 
and pressure gradient constant ܳ. From Table 3, it can 
be notified that both  ߬ଵ and ߬ଶ have increasing 
tendency when the Darcy number ܽܦ, fluid layer 
width ݀ and pressure gradient constant ܳ, tend to 
increment. With the increment in the values of ܴܿ,  ߬ଵ 
decreases while  ߬ଶ increases. In this case, both ߬ଵ 
and ߬ଶ are showing decreasing behavior on increasing 
the values of ܴߥ and ܴܽ.    
 

4. CONCLUSION  
An analytical solution of mixed convection in a 
composite system containing a fluid layer and a porous 
layer bounded by vertical walls has been attained. It is 
resolved from the discussion that the velocity in both 
fluid and porous regions has decreasing tendency with 
the viscosity ratio parameter for all the cases which is 
due to fact that velocity decreases due to more viscous 
forces. The effect of the thermal conductivity ratio 
parameter is to enhance the velocity in the porous 
region while to diminish the velocity in the fluid region 
for all the values of Darcy number. Lastly, it has been 
concluded that numerical values of the skin friction 
exhibit an increasing behavior with the increment in the 
values of temperature difference between the walls, 
Darcy number and fluid layer width while the 
numerical values of skin friction are decreasing due to 
the viscosity ratio parameter and Rayleigh number.    
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Fig. 1. Physical configuration of the model 
 

 Fig. 2. Velocity profiles for different values of Rc 
and Rv (Case 1) 

 

 
Fig. 3. Velocity profiles for different values Q 

(Case 1) 
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Fig. 4. Velocity profiles for different values of Rc, 

Rv and Ra (Case 2) 

 
Fig. 5. Velocity profiles for different values of d 

(Case 2) 

 
Fig. 6. Velocity profiles for different values of Q 

(Case 2) 

 
Fig. 7. Velocity profiles for different values of Rc 

and Rv (Case 3) 

 
Fig. 8. Velocity profiles for different values of Ra 

(Case 3) 

 
Fig. 9. Velocity profiles for different values of d 

(Case 3)    

 Fig. 10. Velocity profiles for different values of 
Q (Case 3) 

 Fig. 11. Velocity profiles for different values of 
Q (Case 3)          
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Numerical values of skin frictions 

Table1 Case 1 

 ଵ ߬ଶ߬ ࢊ ࢉࡾ ࣇࡾ ࢇࡾ Q ࢇࡰ

10ିଵ 
 
 
 
 
 
 
 
 
 

10ିଶ 
 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.5 
1.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.5 
1.0 

10 
10 
10 
10 
15 
22 
10 
10 
10 
10 
10 
10 
10 
10 
15 
22 
10 
10 
10 
10 

1.3 
1.8 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.3 
1.8 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 

1.5 
1.5 
1.0 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.0 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 

0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.3 
0.7 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.3 
0.7 
0.5 
0.5 

0.386669 
0.386578 
0.401966 
0.380595 
0.366278 
0.362220 
0.348182 
0.422484 
0.998385 
1.540800 
0.298580 
0.293953 
0.296468 
0.296415 
0.294816 
0.290567 
0.206724 
0.393193 
0.665799 
1.034200 

0.254900 
0.220868 
0.260029 
0.260339 
0.236119 
0.225121 
0.215806 
0.280347 
1.153310 
2.201330 
0.091616 
0.079290 
0.085167 
0.086007 
0.085056 
0.084347 
0.081821 
0.116738 
0.464376 
0.838864 

Table2 Case 2 

 ଵ ߬ଶ߬ ࢊ ࢉࡾ ࣇࡾ ࢇࡾ Q ࢇࡰ

10ିଵ 
 
 
 
 
 
 
 
 

.05 
 

0.0 
0.0 
0.0 
0.5 
1.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.5 
1.0 
0.0 
0.0 

25 
25 
25 
25 
25 

16.6 
33.3 
18.7 
20.8 
100 
100 
100 
100 
100 

133.3 
20.8 

1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 

1.5 
1.5 
1.5 
1.5 
1.5 
1.0 
2.0 
1.5 
1.8 
1.5 
1.5 
1.5 
1.5 
1.5 
2.0 
1.8 

0.3 
0.5 
0.7 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.3 
0.5 
0.7 
0.5 
0.5 
0.5 
0.5 

0.206240 
0.392751 
0.964422 
0.512209 
0.631668 
0.166228 
2.100763 
2.292225 
0.886599 
0.560225 
0.727771 
0.974949 
0.929358 
1.130945 
0.537431 
0.563640 

0.870637 
1.056768 
1.627459 
1.323730 
1.590671 
0.950956 
2.803604 
1.237157 
1.533033 
0.532392 
0.551913 
0.578088 
0.687462 
0.823012 
0.488496 
0.497770 

Table3 Case 3 
 ଵ ߬ଶ߬ ࢊ ࢉࡾ ࣇࡾ ࢇࡾ Q ࢇࡰ

10ିଵ 
 
 
 
 
 
 
 
 
 

10ିଶ 
 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.5 
1.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

100 
100 
100 
100 
500 
900 
100 
100 
100 
100 

10000 
10000 
10000 
10000 
12000 
14000 
1000 

1.0 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.0 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 

1.5 
1.5 
1.0 
2.0 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.0 
2.0 
1.5 
1.5 
1.5 

0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.3 
0.7 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.3 

0.383112 
0.379016 
0.471167 
0.372853 
0.309017 
0.291173 
0.326804 
0.587187 
4.314726 
8.246530 
0.061075 
0.063788 
0.062881 
0.061432 
0.059315 
0.060947 
0.139523 

0.386109 
0.283202 
0.236866 
0.335647 
0.226889 
0.198156 
0.249637 
0.941567 
8.213052 
16.104570 
0.078267 
0.061201 
0.054239 
0.076134 
0.056257 
0.047887 
0.047492 
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Appendix 
Case 1: 

ܵ ൌ ට1 െ ସோ௔ோఔ஽௔మ

ோ௖
ܣ                    ,  ൌ ଵାௌ

ଶ஽௔ோఔ
 ,                                  

ܰ ൌ ට√ோ௔
ଶ

ܤ                                   , ൌ ଵିௌ
ଶ஽௔ோఔ

, 

݄ଵ ൌ ଶ݄                                      ,ܣ√ ൌ                                                                                , ܤ√

݄ଷ ൌ ݄ଵ݀,                                    ݄ସ ൌ ݄ଶ݀, 

݄଺ ൌ ܰ݀,                                     ݄଻ ൌ 2ܰଶ, 

ଵݎ ൌ coshሺ݄ଵሻ,                            ݎଶ ൌ sinhሺ݄ଵሻ, 

ଷݎ ൌ coshሺ݄ଶሻ                             ݎସ ൌ sinhሺ݄ଶሻ,  

ହݎ ൌ ݁௛ల cosሺ ݄଺ሻ,                       ݎ଺ ൌ ݁௛ల sinሺ݄଺ሻ,  

଻ݎ ൌ ݁ି௛ల cosሺ݄଺ሻ,                      ଼ݎ ൌ ݁ି௛ల sinሺ݄଺ሻ, 

ଵଶݎ ൌ sinhሺ݄ସሻ,        

ଵଷݎ ൌ ܰ݁௛లሼcosሺ݄଺ሻ െ sinሺ݄଺ሻ},    

ଵସݎ ൌ ܰ݁௛లሼcosሺ݄଺ሻ ൅ sinሺ݄଺ሻሽ,                                               

ଵହݎ ൌ െܰ݁ି௛లሼcosሺ݄଺ሻ ൅ sinሺ݄଺ሻ}, 

ଵ଺ݎ ൌ ܰ݁ି௛లሼcosሺ݄଺ሻ െ sinሺ݄଺ሻ}, 

ଵ଻ݎ ൌ ଵ݄ߥܴ sinhሺ݄ଷሻ, 

ଵ଼ݎ ൌ ଵ݄ߥܴ coshሺ݄ଷሻ, 

ଵଽݎ ൌ ଶ݄ߥܴ sinhሺ݄ସሻ, 

ଶ଴ݎ ൌ ଶ݄ߥܴ coshሺ݄ସሻ, 

ଶଵݎ ൌ െ ଵ
௛ళ

ଶଶݎ                                        , ൌ ݄ଵ
ଶ coshሺ݄ଵሻ, 

ଶଷݎ ൌ ݄ଵ
ଶ sinhሺ݄ଵሻ,                            ݎଶସ ൌ ݄ଶ

ଶ coshሺ݄ଶሻ, 

ଶ଻ݎ ൌ ൬
1

ܽܦ െ ଵ݄ߥܴ 
ଶ൰ coshሺ݄ଷሻ, 

ଶ଼ݎ ൌ ቀ ଵ
஽௔

െ ଵ݄ߥܴ 
ଶቁ sinhሺ݄ଷሻ, 

ଶଽݎ ൌ ቀ ଵ
஽௔

െ ଶ݄ߥܴ 
ଶቁ coshሺ݄ସሻ,  

ଷ଴ݎ ൌ ቀ ଵ
஽௔

െ ଶ݄ߥܴ 
ଶቁ sinhሺ݄ସሻ,          ݎଷଵ ൌ ݄଻݁௛ల cosሺ݄଺ሻ,                  

ଷଶݎ ൌ ݄଻݁௛ల sinሺ݄଺ሻ, 

ଷଷݎ ൌ ݄଻݁ି௛ల sinሺ݄଺ሻ,                        ݎଷସ ൌ ݁ି௛ల cosሺ݄଺ሻ, 

ଷହݎ ൌ ଼݄ܰ݁௛లሺcosሺ݄଺ሻ െ sinሺ݄଺ሻሻ,  

ଷ଺ݎ ൌ ଼݄ܰ݁௛లሼcosሺ݄଺ሻ ൅ sinሺ݄଺ሻሽ,  

ଷ଻ݎ ൌ ଼݄ܰ݁ି௛లሼcosሺ݄଺ሻ െ sinሺ݄଺ሻሽ, 

ଷ଼ݎ ൌ ଼݄ܰ݁ି௛లሺcosሺ݄଺ሻ ൅ sinሺ݄଺ሻሻ, 

ଷଽݎ ൌ ቀെܴ݄ߥଵ
ଷ ൅ ௛భ

஽௔
ቁ ܴܿ sinhሺ݄ଷሻ,  

ସ଴ݎ ൌ ቀെܴ݄ߥଵ
ଷ ൅ ௛భ

஽௔
ቁ ܴܿ coshሺ݄ଷሻ,  

ସଵݎ ൌ ቀെܴ݄ߥଶ
ଷ ൅ ௛మ

஽௔
ቁ ܴܿ sinhሺ݄ସሻ,   

ସଶݎ ൌ ቀെܴ݄ߥଶ
ଷ ൅ ௛మ

஽௔
ቁ ܴܿ coshሺ݄ସሻ,  

ସଷݎ ൌ െ ௥మ
௥భ

ସସݎ     , ൌ െ ௥య
௥భ

ସହݎ      , ൌ െ ௥ర
௥భ

,  

ସ଺ݎ ൌ ଻ݎ െ ସ଻ݎ    ,ହݎ ൌ ݎ଼ ൅           ,଺ݎ

ସ଼ݎ ൌ ଵ଴ݎ ൅ ସଽݎ    ,ଽݎସଷݎ ൌ ଵଵݎ ൅                  ,ଽݎସସݎ

ହ଴ݎ  ൌ ଵଶݎ ൅ ହଵݎ        ,ଽݎସହݎ ൌ      ,଺ݎଶଵݎ

ହଶݎ ൌ ଵହݎ െ ହଷݎ            ,ଵଷݎ ൌ ଵସݎ ൅  ,ଵ଺ݎ

ହସݎ ൌ ଵ଻ݎସଷݎ ൅ ହହݎ            ,ଵ଼ݎ ൌ ଵ଻ݎସସݎ ൅  ,ଵଽݎ

ହ଺ݎ ൌ ଵ଻ݎସହݎ ൅ ହ଻ݎ            ,ଶ଴ݎ ൌ   ,ଵସݎଶଵݎ

ହ଼ݎ ൌ ଶଶݎସଷݎ ൅ ହଽݎ            ,ଶଷݎ ൌ ଶଶݎସସݎ ൅  ,ଶସݎ

଺଴ݎ ൌ ଶଶݎସହݎ ൅ ଺ଵݎ               ,ଶହݎ ൌ ଶ଻ݎସଷݎ ൅  ,ଶ଼ݎ

଺ଶݎ ൌ ଶ଻ݎସସݎ ൅ ଺ଷݎ               ,ଶଽݎ ൌ ଶ଻ݎସହݎ ൅  ,ଷ଴ݎ

଺ସݎ  ൌ ଷଶݎ ൅ ଺ହݎ                   ,ଷଷݎ ൌ ଷଵݎ െ  ,ଷସݎ

଺଺ݎ ൌ ଺଻ݎ            ,ଷଵݎଶଵݎ ൌ ଷହݎ ൅         ,ଷ଼ݎ

଺଼ݎ  ൌ ଷ଺ݎ ൅  ,ଷ଻ݎ

଺ଽݎ ൌ ଷଽݎସଷݎ ൅ ଻଴ݎ                ,ସ଴ݎ ൌ ଷଽݎସସݎ ൅                   ,ସଵݎ

଻ଵݎ ൌ ଷଽݎସହݎ ൅ ଵݎܣ              ,ସଶݎ ൌ                    ,ଷହݎଶଵݎ

଻ଶݎ ൌ ௥మల
௥ఱఴ

଻ଷݎ                  , ൌ ௥ఱవ
௥ఱఴ

଻ସݎ                       , ൌ ௥లబ
௥ఱఴ

, 

଻ହݎ ൌ ସ଼ݎ଻ଷݎ െ ଻଺ݎ                              ,ସଽݎ ൌ ସ଼ݎ଻ସݎ െ      ,ହ଴ݎ

଻଻ݎ ൌ ହଵݎ െ ଻଼ݎ                              ,ସ଼ݎ଻ଶݎ ൌ ଻ଷݎହସݎ െ           ,ହହݎ
଻ଽݎ ൌ ହସݎ଻ସݎ െ ݎ଼                             ,ହ଺ݎ ଴ ൌ ହ଻ݎ െ         ,ହସݎ଻ଶݎ
ݎ଼ ଵ ൌ ଺ଶݎ െ ݎ଼                             ,଺ଵݎ଻ଷݎ ଶ ൌ ଺ଷݎ െ         ,଺ଵݎ଻ସݎ
ݎ଼ ଷ ൌ ଺଺ݎ ൅ ݎ଼                           ,଺ଵݎ଻ଶݎ ସ ൌ ଺ଽݎ଻ଷݎ െ  ,଻଴ݎ

ݎ଼ ଻ ൌ ௥రళ
௥రల

ݎ଼                                            , ଼ ൌ ௥ళఱ
௥రల

,  

ݎ଼ ଽ ൌ ௥ళల
௥రల

ଽ଴ݎ                                             , ൌ ௥ళళ
௥రల

, 

ଽଵݎ ൌ ହଷݎ െ ݎ଼ ଻ݎହଶ,                             ݎଽଶ ൌ ଻଼ݎ െ ݎ଼  ,ହଶݎ଼

ଽଷݎ ൌ ଻ଽݎ െ ݎ଼ ଽݎହଶ,                           ݎଽସ ൌ ݎ଼ ଴ െ  ,ହଶݎଽ଴ݎ

ଽହݎ ൌ ݎ଼ ଵ െ ݎ଼ ଽ଺ݎ                             ,଺ସݎ଼ ൌ ݎ଼ ଶ െ ݎ଼ ଽݎ଺ସ, 

ଽ଻ݎ ൌ ଺ହݎ െ ݎ଼ ଻ݎ଺ସ,                             ݎଽ଼ ൌ ݎ଼ ଷ െ  ,଺ସݎଽ଴ݎ

ଽଽݎ ൌ ଺଻ݎ െ ݎ଼ ଻ݎ଺଼,                             ݎଵ଴଴ ൌ ݎ଼ ସ െ ݎ଼  ,଺଼ݎ଼

ଵ଴ଵݎ ൌ ݎ଼ ହ െ ݎ଼ ଽݎ଺଼,                           ݎଵ଴ଶ ൌ ݎ଼ ଺ െ  ,଺଼ݎଽ଴ݎ

ଵ଴ଷݎ ൌ ௥వమ
௥వభ

ଵ଴ସݎ                                           , ൌ ௥వయ
௥వభ

,  

ଵ଴ହݎ ൌ ௥వర
௥వభ

ଵ଴଺ݎ                                          , ൌ ଽହݎ െ          ,ଽ଻ݎଵ଴ଷݎ
ଵ଴଻ݎ ൌ ଽ଺ݎ െ ଵ଴଼ݎ                         ,ଽ଻ݎଵ଴ସݎ ൌ ଽ଼ݎ െ          ,ଽ଻ݎଵ଴ହݎ
ଵ଴ଽݎ ൌ ଵ଴଴ݎ െ ଵଵ଴ݎ         ,ଽଽݎଵ଴ଷݎ ൌ ଵ଴ଵݎ െ         ,ଽଽݎଵ଴ସݎ
ଵଵଵݎ ൌ ଵ଴ଶݎ െ ଵଵଶݎ                        ,ଽଽݎଵ଴ହݎ ൌ ௥భబళ

௥భబల
,                        

ଵଵଷݎ  ൌ ௥భబఴ
௥భబల

,                          

ଵଵସݎ  ൌ ଵଵ଴ݎ െ                    ,ଵ଴ଽݎଵଵଶݎ

ଵଵହݎ  ൌ ଵଵଵݎ െ    ,ଵ଴ଽݎଵଵଷݎ

ଵଵ଺ݎ ൌ െ ௥భభఱ
௥భభర

଼ܥ                                    , ൌ    ,ଵଵ଺ݎ

଻ܥ ൌ െሺݎଵଵଶ଼ܥ ൅ ଺ܥ   ,ଵଵଷሻݎ ൌ ଻ଶݎ െ ଻ܥ଻ଷݎ െ  ,଼ܥ଻ସݎ

ହܥ ൌ ଺ܥସଷݎ ൅ ଻ܥସସݎ ൅  ,଼ܥସହݎ

ସܥ ൌ െሺݎଵ଴ହ ൅ ଻ܥଵ଴ଷݎ ൅  ,ሻ଼ܥଵ଴ସݎ

ଷܥ ൌ െሺݎଽ଴ ൅ ݎ଼ ଻ܥସ ൅ ݎ଼ ଻ܥ଼ ൅ ݎ଼ ଽ଼ܥሻ, 

ଶܥ ൌ ଶଵݎ ൅ ଵܥ               ,ସܥ ൌ െܥଷ . 

 

Case 2:  

ܰ ൌ ට√ோ௔
ଶ

                ܵ ൌ ට1 െ ସோ௔ோఔ஽௔మ

ோ௖
,        ݉ ൌ ଵ

ଶ஽௔ோఔ
,                   

ଵݎ ൌ 1/2ܰଶ,  ݎଶ ൌ ଷݎ                   ,݄݉ݏ݋ܿ ൌ  ,݄݉݊݅ݏ

ସݎ ൌ ݉ଶܿݎ  ,݄݉ݏ݋ହ ൌ ݉ଶ݄ܿ݉ݏ݋ ൅ 2݉ sinh ݉, 
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଺ݎ ൌ ݉ଶݎ          , ݄݉݊݅ݏ଻ ൌ ݄݉ݏ݋2݉ܿ ൅ ݉ଶ݄݉݊݅ݏ,  

ݎ଼ ൌ െሺ ଵ
ோ௩

൅ ோ௔ொ
ோ௩

ଽݎ                 ,( ൌ ݁ேௗܿ݀ܰݏ݋,     

ଵ଴ݎ ൌ ݁ேௗݎ              ,݀ܰ݊݅ݏଵଵ ൌ ݁ିேௗܿ݀ܰݏ݋,     

ଵଶݎ  ൌ ݁ିேௗݎ                 ,݀ܰ݊݅ݏଵଷ ൌ  ,݄݀݉ݏ݋ܿ

ଵସݎ ൌ ଵହݎ               ,݄݀݉ݏ݋ܿ݀ ൌ         ,݄݀݉݊݅ݏ

ଵ଺ݎ ൌ            ,݄݀݉݊݅ݏ݀

ଵ଻ݎ ൌ ܰ݁ேௗሺܿ݀ܰݏ݋ െ  ,(݀ܰ݊݅ݏ

ଵ଼ݎ ൌ ܰ݁ேௗሺܿ݀ܰݏ݋ ൅   ,ሻ݀ܰ݊݅ݏ

ଵଽݎ ൌ െܰ݁ିேௗሺܿ݀ܰݏ݋ ൅   ,ሻ݀ܰ݊݅ݏ

ଶ଴ݎ  ൌ ܰ݁ିேௗሺܿ݀ܰݏ݋ ൅   ,ሻ݀ܰ݊݅ݏ

ଶଵݎ ൌ   ,݄݀݉݊݅ݏݒܴ݉

ଶଶݎ  ൌ ݄݀݉݊݅ݏሺ݉݀ݒܴ ൅  ,ሻ݄݀݉ݏ݋ܿ

ଶଷݎ ൌ     ,݄݀݉ݏ݋ܿݒܴ݉

ଶସݎ ൌ ݄݀݉ݏ݋ሺ݉݀ܿݒܴ ൅  ,ሻ݄݀݉݊݅ݏ

ଶହݎ ൌ 2ܰଶ݁ேௗݎ                 ,݀ܰ݊݅ݏଶ଺ ൌ െ2ܰଶ݁ேௗܿ݀ܰݏ݋,  
ଶ଻ݎ ൌ െ2ܰଶ݁ିேௗݎ  ,݀ܰ݊݅ݏଶ଼ ൌ 2ܰଶ݁ିேௗܿ݀ܰݏ݋, 

ଶଽݎ ൌ െܴ݉ݒଶ݄ܿ݀݉ݏ݋ ൅ ଵ
஽௔

 ,݄݀݉ݏ݋ܿ

ଷ଴ݎ ൌ െܴ݉ݒଶ݄݀ܿ݀݉ݏ݋ ൅
1

ܽܦ  ݄݀݉ݏ݋ܿ݀

       െ2ܴ݄݉݀݉݊݅ݏݒ, 

ଷଵݎ ൌ െܴ݉ݒଶ݄݀݉݊݅ݏ ൅ ଵ
஽௔

  ,݄݀݉݊݅ݏ

ଷଶݎ ൌ െܴ݉ݒଶ݄݀݀݉݊݅ݏ ൅
1

ܽܦ  ݄݀݉݊݅ݏ݀

       െ2ܴ݄݉݀݉݊݅ݏݒ, 

ଷଷݎ ൌ 2ܰଷ݁ேௗሺ݀ܰ݊݅ݏ െ     ,ሻ݀ܰݏ݋ܿ

ଷସݎ ൌ 2ܰଷ݁ேௗሺ݀ܰ݊݅ݏ ൅   ,ሻ݀ܰݏ݋ܿ

ଷହݎ ൌ 2ܰଷ݁ିேௗሺ݀ܰ݊݅ݏ െ    ,ሻ݀ܰݏ݋ܿ

ଷ଺ݎ ൌ െ2ܰଷ݁ିேௗሺ݀ܰ݊݅ݏ െ    ,ሻ݀ܰݏ݋ܿ

ଷ଻ݎ ൌ ܴܿሺെܴ݉ݒଷ ൅ ௠
஽௔

ሻ݄݀݉݊݅ݏ,  

ଷ଼ݎ ൌ ܴܿሾെܴݒሺ݉ଷ݄݀݀݉݊݅ݏ ൅ 3݉ଶ݄ܿ݀݉ݏ݋ሻ 

      ൅ ௠
஽௔

ሺ݄݉݀݀݉݊݅ݏ ൅  ,ሻሿ݄݀݉ݏ݋ܿ

ଷଽݎ ൌ ܴܿሺെܴ݉ݒଷ ൅ ௠
஽௔

ሻ݄ܿ݀݉ݏ݋, 

ସ଴ݎ ൌ ܴܿሾെܴݒሺ݉ଷ݄݀ܿ݀݉ݏ݋ ൅ 3݉ଶ݄݀݉݊݅ݏሻ 

      ൅ ௠
஽௔

ሺ݄݀݉݊݅ݏ ൅  ,ሻሿ݄݀݉ݏ݋ܿ݀݉

ସଵݎ ൌ ௥య
௥మ

ସଶݎ               , ൌ ହݎ െ ସଷݎ       ,ସݎ ൌ ଺ݎ െ  ,ସଵݎସݎ

ସସݎ ൌ ଻ݎ െ ସହݎ    ,ସଵݎସݎ ൌ ௥ఴ
௥రమ

ସ଺ݎ              , ൌ ௥రయ
௥రమ

,  

ସ଻ݎ ൌ ௥రర
௥రమ

ସ଼ݎ               , ൌ ଵଵݎ െ ସଽݎ      ,ଽݎ ൌ ଵଶݎ െ  ,ଵ଴ݎ

ହ଴ݎ ൌ ଵ଴ݎଵݎ ൅ ଵଷݎସହݎ െ    ,ଵସݎସହݎ

ହଵݎ ൌ ଵଷݎସଵݎ െ ଵଷݎସ଺ݎ ൅ ଵସݎସ଺ݎ െ  ,ଵହݎ

ହଶݎ ൌ ଵଷݎସଵݎ െ ଵଷݎସ଻ݎ ൅ ଵସݎସ଻ݎ െ       ,ଵ଺ݎ

ହଷݎ ൌ ௥రవ
௥రఴ

ହସݎ                      , ൌ ௥ఱబ
௥రఴ

ହହݎ                   , ൌ ௥ఱభ
௥రఴ

, 

ହ଺ݎ  ൌ ௥ఱమ
௥రఴ

ହ଻ݎ                      , ൌ ଶ଴ݎ ൅ ଵ଼ݎ െ ଵଽݎହଷݎ ൅  ,ଵ଻ݎହଷݎ

ହ଼ݎ ൌ ଶଷݎଵ଻െݎହହݎ െ ଵଽݎହହݎ ൅ ଶଶݎସ଺ݎ െ ଶଵݎସ଺ݎ ൅   ,ଶଵݎସଵݎ

ହଽݎ ൌ ଶସݎଵ଻െݎହ଺ݎ െ ଵଽݎହ଺ݎ ൅ ସ଻ݎଶଶݎ െ ଶଵݎସ଻ݎ ൅  ,ଶଵݎସଵݎ

଺଴ݎ ൌ ଵ଻ݎହସݎ െ ଵଽݎହସݎ െ ସହݎଶଶݎ ൅ ଶଵݎସହݎ ൅  ,ଵݎଵ଼ݎ

଺ଵݎ ൌ ௥ఱఴ
௥ఱళ

଺ଶݎ                                            , ൌ ௥ఱవ
௥ఱళ

,  

଺ସݎ ൌ ଶଽݎସଵݎ െ ଷଵݎ െ ଶ଻ݎହହݎ ൅ ଶହݎହହݎ െ  ସ଺ݎଶଽݎ

      ൅ݎଷ଴ݎସ଺ െ ଶ଼ݎ଺ଵݎ െ ଶ଺ݎ଺ଵݎ ൅  ଶ଻ݎହଷݎ଺ଵݎ

      െݎ଺ଵݎହଷݎଶହ, 

଺ହݎ ൌ ଶହݎହ଺ݎ െ ଶ଻ݎହ଺ݎ ൅ ଶଽݎସଵݎ െ ଷଶݎ െ  ଶଽݎସ଻ݎ

      ൅ݎସ଻ݎଷ଴ െ ଶ଼ݎ଺ଶݎ െ ଶ଺ݎ଺ଶݎ ൅  ଶ଻ݎହଷݎ଺ଶݎ

      െݎ଺ଶݎହଷݎଶହ, 

଺଺ݎ ൌ െݎହସݎଶ଻ ൅ ଶ଺ݎଵݎ ൅ ଶହݎହସݎ ൅  ଶଽݎସହݎ

      െݎସହݎଷ଴ െ ଶ଼ݎ଺ଷݎ െ ଶ଺ݎ଺ଷݎ ൅  ଶ଻ݎହଷݎ଺ଷݎ

       െݎ଺ଷݎହଷݎଶହ, 

଺଻ݎ ൌ ௥లఱ
௥లర

଺଼ݎ                                    , ൌ ௥లల
௥లర

,   

଺ଽݎ ൌ ଷ଻ݎସଵݎ െ ଷହݎହ଺ݎ െ ସ଴ݎ ൅ ଷଷݎହ଺ݎ െ  ଷ଻ݎସ଻ݎ

      ൅ݎସ଻ݎଷ଼ െ ଷସݎ଺ଶݎ െ ଷ଺ݎ଺ଶݎ ൅  ଷହݎହଷݎ଺ଶݎ

      െݎ଺ଶݎହଷݎଷଷ െ ସଵݎଷ଻ݎ଺଻ݎ ൅ ଷଽݎ଺଻ݎ ൅  ଷହݎହହݎ଺଻ݎ

      െݎ଺଻ݎଷଷݎହହ ൅ ଷ଻ݎସ଺ݎ଺଻ݎ െ  ଷ଻ݎ଺ଵݎ଺଻ݎସ଺ ൅ݎଷ଼ݎ଺଻ݎ

       ൅ݎ଺଻ݎ଺ଵݎଷ଺ െ ଺଻ݎଷହݎହଷݎ଺ଵݎ ൅  ,ଷଷݎହଷݎ଺ଵݎ଺଻ݎ

଻଴ݎ ൌ ଷଽݎ଺଼ݎ െ ଷ଻ݎ଺଼ݎସଵݎ ൅ ଷହݎହହݎ଺଼ݎ െ  ହହݎଷଷݎ଺଼ݎ

      ൅ݎ଺଼ݎସ଺ݎଷ଻ െ ସ଺ݎଷ଼ݎ଺଼ݎ ൅ ଷସݎ଺ଵݎ଺଼ݎ ൅  ଷ଺ݎ଺ଵݎ଺଼ݎ

      െݎ଺଼ݎ଺ଵݎହଷݎଷହ ൅ ଷଷݎହଷݎ଺ଵݎ଺଼ݎ െ ଷହݎହସݎ ൅  ହସݎଷଷݎ

       ൅ݎଵݎଷସ ൅ ଷ଻ݎସହݎ െ ଷସݎ଺ଷݎ ସହݎଷ଼ݎ െ  ଷ଺ݎ଺ଷݎ

       ൅ݎ଺ଷݎହଷݎଷହ െ  ,ଷଷݎ଺ଷݎହଷݎ

଻ଵݎ ൌ ௥ళబ
௥లవ

଼ܥ                                     , ൌ െݎ଻ଵ, 

଻ܥ ൌ െሺݎ଺଼ ൅ ଺ܥ                  ,ሻ଼ܥ଺଻ݎ ൌ ସହݎ െ ଻ܥସ଺ݎ െ  ,଼ܥସ଻ݎ

ହܥ ൌ െሺܥ଺ ൅ ଻ܥସଵሺݎ ൅    ,ሻሻ଼ܥ

ସܥ ൌ െሺݎ଺ଵܥ଻ ൅ ଼ܥ଺ଶݎ ൅  ,଺ଷሻݎ

ଷܥ ൌ െሺݎହଷܥସ ൅ ଻ܥହହݎ ൅ ଼ܥହ଺ݎ ൅  ,ହସሻݎ

ଶܥ ൌ ସܥ ൅ ଵܥ                                ,ଵݎ ൌ െܥଷ . 

 

Case 3: 

ܴ ൌ ටସோ௔ோఔ஽௔మ

ோ௖
െ 1,                                 ݀ଵ ൌ ට√ଵାோమାଵ

ଶ
,

  

݀ଶ ൌ ට√ଵାோమିଵ
ଶ

ߙ                                         , ൌ ௗభ

√ଶ஽௔ோఔ
, 

ߚ ൌ ௗమ

√ଶ஽௔ோఔ
ݐ                                                , ൌ ට√ோ௔

ଶ
, 

ଵݎ ൌ ଵ
ଶேమ ,                                                   ݎଶ ൌ ݁ఈ cos  ,ߚ

ଷݎ ൌ ݁ఈ sin ସݎ                                            ,ߚ ൌ ݁ିఈ cos  ,ߚ

ହݎ ൌ ݁ିఈ sin       ,ߚ

଺ݎ ൌ ௘ഀ

஽௔ோ௔
cos β െ ோ௩

ோ௔
݁ఈ[(ߙଶ െ ଶ) cosߚ ߚ െ ߚߙ2 sin  ,[ߚ

଻ݎ ൌ ௘ഀ

஽௔ோ௔
sin ߚ െ ோ௩

ோ௔
݁ఈሾሺߙଶ െ ଶሻ sinߚ ߚ ൅ ߚߙ2 cos  ,ሿߚ

ݎ଼ ൌ ௘షഀ

஽௔ோ௔
cos β െ ோ௩

ோ௔
݁ିఈ[(ߙଶ െ ଶߚ cos ߚ ൅ ߚߙ2 sin  ,[ߚ
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ଽݎ ൌ ௘షഀ

஽௔ோ௔
sin ߚ െ ோ௩

ோ௔
݁ିఈሾሺߙଶ െ ଶሻ sinߚ ߚ െ ߚߙ2 cos  ,ሿߚ

ଵ଴ݎ ൌ భ்ି బ்
஺ுொ

െ ଵ
ோ௔

ଵଵݎ                          , ൌ ݁ேௗ cos ܰ݀, 

ଵଶݎ ൌ ݁ேௗ sin ଵଷݎ                         ,݀ܰ ൌ ݁ିேௗ cos ܰ݀,                

ଵସݎ ൌ ݁ିேௗ sin ଵହݎ                       ,݀ܰ ൌ ݁ఈௗ cos  ,݀ߚ

ଵ଺ݎ ൌ ݁ఈௗ sin ଵ଻ݎ      ,݀ߚ ൌ ݁ିఈௗ cos        ,݀ߚ

ଵ଼ݎ ൌ ݁ିఈௗ sin ଵଽݎ                        ,݀ߚ ൌ ଶேమ

ோ௔
݁ேௗ sin ܰ݀,       

ଶ଴ݎ ൌ െ ଶேమ

ோ௔
݁ேௗ cos ܰ݀,     

ଶଵݎ ൌ െ ଶேమ

ோ௔
݁ିேௗ sin ܰ݀,   

ଶଶݎ ൌ ଶேమ

ோ௔
݁ିேௗ cos ܰ݀,  

ଶଷݎ ൌ ௘ഀ೏

஽௔ோ௔
cos β െ ோ௩

ோ௔
݁ఈௗ[(ߙଶ െ (ଶߚ  

       cos ݀ߚ െ ߚߙ2 sin  ,[݀ߚ

ଶସݎ ൌ
݁ఈ

ܴܽܽܦ sin ݀ߚ െ
ݒܴ
ܴܽ ݁ఈௗሾሺߙଶ െ  ଶሻߚ

       sin ݀ߚ ൅ ߚߙ2 cos  ,ሿ݀ߚ

ଶହݎ ൌ ௘షഀ೏

஽௔ோ௔
cos βd െ ோ௩

ோ௔
݁ିఈௗ[(ߙଶ െ  (ଶߚ

       cos ݀ߚ ൅ ߚߙ2 sin  ,[݀ߚ

ଶ଺ݎ ൌ
݁ିఈௗ

ܴܽܽܦ sin ݀ߚ െ
ݒܴ
ܴܽ ݁ିఈௗሾሺߙଶ െ  ଶሻߚ

        sin ݀ߚ െ ߚߙ2 cos  ,ሿ݀ߚ

ଶ଻ݎ ൌ ܰ݁ேௗሺcos ܰ݀ െ sin ܰ݀ሻ, 

ଶ଼ݎ ൌ ܰ݁ேௗሺcos ܰ݀ ൅ sin ܰ݀ሻ, 

ଶଽݎ ൌ െܰ݁ିேௗሺcos ܰ݀ ൅ sin ܰ݀ሻ,  

ଷ଴ݎ ൌ ܰ݁ିேௗሺcos ܰ݀ െ sin ܰ݀ሻ, 

ଷଵݎ ൌ ߙఈௗሺ݁ݒܴ cos ݀ߚ െ ߚ sin  ,(݀ߚ

ଷଶݎ ൌ ߚఈௗሺ݁ݒܴ cos ݀ߚ ൅ ߙ sin  ,ሻ݀ߚ

ଷଷݎ ൌ െܴି݁ݒఈௗሺߙ cos ݀ߚ ൅ ߚ sin  ,ሻ݀ߚ

ଷସݎ ൌ െܴି݁ݒఈௗሺߚ cos ݀ߚ െ ߙ sin  ,ሻ݀ߚ

ଷହݎ ൌ ଶேయ

ோ௔
݁ேௗ ሺcos ܰ݀ ൅ sin ܰ݀ሻ,    

ଷ଺ݎ ൌ ଶேయ

ோ௔
݁ேௗ ሺsin ܰ݀ െ cos ܰ݀ሻ, 

ଷ଻ݎ ൌ ଶேయ

ோ௔
݁ିேௗ ሺsin ܰ݀ െ cos ܰ݀ሻ,  

ଷ଼ݎ ൌ െ ଶேయ

ோ௔
݁ேௗ ሺcos ܰ݀ ൅ sin ܰ݀ሻ, 

ଷଽݎ ൌ ܴܿ݁ఈௗ{ ଵ
஽௔ோ௔

ሺߙ cos ݀ߚ െ ߚ sin ሻ݀ߚ െ ோ௩
ோ௔

 

       ሾሺߚଷ െ ሻߚଶߙ3 sin ݀ߚ ൅ ሺߙଷ െ ଶሻߚߙ3 cos  ,ሿሽ݀ߚ

ସ଴ݎ ൌ ܴܿ݁ఈௗ{ ଵ
஽௔ோ௔

ሺߚ cos ݀ߚ ൅ ߙ sin ሻ݀ߚ െ ோ௩
ோ௔

 

       ሾሺ3ߙଶߚ െ ଷሻߚ cos ݀ߚ ൅ ሺߙଷ െ ଶሻߚߙ3  sin  ,ሿሽ݀ߚ

ସଵݎ ൌ{-ܴܿ݁ିఈௗሼ ଵ
஽௔ோ௔

ሺߙ cos ݀ߚ ൅ ߚ sin ሻሻ݀ߚ െ ோ௩
ோ௔

 

      ሾሺߚଷ െ ሻߚଶߙ3 sin ݀ߚ ൅ ሺ3ߚߙଶ െ ଷሻߙ ൅ cos  ,ሿሽ݀ߚ

ସଶݎ ൌ ܴܿ݁ିఈௗ[- ଵ
஽௔ோ௔

ሺߚ cos ݀ߚ െ ߙ sin ሻ݀ߚ െ ோ௩
ோ௔

 

      ሼሺ3ߙଶߚ െ ଷሻߚ cos ݀ߚ ൅ ሺ3ߚߙଶ െ ଷሻ+ sinߙ  ,ሽሿ ݀ߚ

ସଷݎ ൌ ௥య
௥మ

ସସݎ                       , ൌ ௥ర
௥మ

ସହݎ         , ൌ ௥ఱ
௥మ

,     

ସ଺ݎ ൌ ଻ݎ െ ସ଻ݎ                                         ,ସଷݎ଺ݎ ൌ ݎ଼ െ    ,ସସݎ଺ݎ

ସ଼ݎ ൌ ଽݎ െ ସଽݎ                         ,ସହݎ଺ݎ ൌ ௥భబ
௥రల

,  

ହ଴ݎ ൌ ௥రళ
௥రల

ହଵݎ                                                    , ൌ ௥రఴ
௥రల

, 

ହଶݎ ൌ ଵଷݎ െ ହଷݎ                                ,ଵଵݎ ൌ ଵସݎ ൅   ,ଵଶݎ

ହସݎ ൌ ଵଶݎଵݎ ൅ ଵହݎସଷݎସଽݎ െ   ,ଵ଺ݎସଽݎ

ହହݎ ൌ ଵହݎସସݎ െ ଵ଻ݎ െ ଵହݎସଷݎହ଴ݎ ൅  ,ଵ଺ݎହ଴ݎ

ହ଺ݎ ൌ ଵହݎସହݎ െ ଵ଼ݎ െ ଵହݎସଷݎହଵݎ ൅  ,ଵ଺ݎହଵݎ

ହ଻ݎ ൌ ௥ఱయ
௥ఱమ

ହ଼ݎ                   , ൌ ௥ఱర
௥ఱమ

ହଽݎ                   , ൌ ௥ఱఱ
௥ఱమ

,    

଺଴ݎ ൌ ௥ఱల
௥ఱమ

଺ଵݎ                         , ൌ ଶଶݎ ൅ ଶ଴ݎ െ ହ଻ݎଶଵݎ ൅  ,ହ଻ݎଵଽݎ

଺ଶݎ ൌ ଶଷݎସସݎ െ ଶହݎ െ ହଽݎଶଵݎ ൅ ହଽݎଵଽݎ െ ଶଷݎସଷݎହ଴ݎ ൅ ݎଶସݎହ଴, 

଺ଷݎ ൌ െݎ଺଴ݎଶଵ ൅ ଵଽݎ଺଴ݎ ൅ ଶ଺ݎଶଷݎସହݎ െ ଶଷݎସଷݎହଵݎ ൅  ,ହଵݎଶସݎ

଺ସݎ ൌ െݎହ଼ݎଶଵ ൅ ଵଽݎହ଼ݎ ൅ ଶ଴ݎଵݎ ൅ ଶଷݎସଷݎସଽݎ െ   ,ଶସݎସଽݎ

଺଺ݎ ൌ ௥లయ
௥లభ

଺଻ݎ                                                              , ൌ ௥లర
௥లభ

,     

଺଼ݎ ൌ ଷଵݎସସݎ െ ଷଷݎ െ ହଽݎଶଽݎ ൅ ଶ଻ݎହଽݎ െ  ଶ଼ݎ଺ହݎ

      െݎଷ଴ݎ଺ହ ൅ ଶଽݎହ଻ݎ଺ହݎ െ ଺ହݎଶ଻ݎହ଻ݎ െ  ଷଵݎସଷݎହ଴ݎ

      ൅ݎହ଴ݎଷଶ, 

଺ଽݎ ൌ ଷଵݎସହݎ െ ଷସݎ െ ଶଽݎ଺଺ݎ ൅ ଶ଻ݎ଺଴ݎ െ  ଶ଼ݎ଺଺ݎ

       െݎ଺଺ݎଷ଴ ൅ ଺଺ݎଶଽݎହ଻ݎ െ ଺଺ݎଶ଻ݎହ଻ݎ െ  ହଵݎଷଵݎସଷݎ

        ൅ݎଷଶݎହଵ, 

଻଴ݎ ൌ ଶ଼ݎଵݎ െ ଶଽݎହ଼ݎ ൅ ଶ଻ݎହ଼ݎ െ ଶ଼ݎ଺଻ݎ െ  ଷ଴ݎ଺଻ݎ

       ൅ݎ଺଻ݎହ଻ݎଶଽ െ ଶ଻ݎହ଻ݎ଺଻ݎ ൅ ଷଵݎସଷݎସଽݎ െ   ,ସଽݎଷଶݎ

଻ଵݎ ൌ ௥లవ
௥లఴ

଻ଶݎ                                                               , ൌ ௥ళబ
௥లఴ

, 

଻ଷݎ ൌ ଷଽݎସସݎ െ ସଵݎ െ ଷ଻ݎହଽݎ ൅ ଷହݎହଽݎ ൅                ଷ଻ݎହ଻ݎ଺ହݎ

      െݎ଺ହݎହ଻ݎଷହ െ ଷ଺ݎ଺ହݎ െ ଺ହݎଷ଼ݎ െ  ,ସ଴ݎହ଴ݎଷଽ ൅ݎସଷݎହ଴ݎ

଻ସݎ ൌ ଷଽݎସହݎ െ ସଶݎ െ ଷ଻ݎ଺଴ݎ ൅ ଷହݎ଺଴ݎ ൅  ଷ଻ݎହ଻ݎ଺଺ݎ

       െݎ଺଺ݎହ଻ݎଷହ െ ଷ଺ݎ଺଺ݎ െ ଺଺ݎଷ଼ݎ െ  ଷଽݎସଷݎହଵݎ

        ൅ݎହଵݎସ଴, 

଻ହݎ ൌ ଷ଺ݎଵݎ െ ଷ଻ݎହ଼ݎ ൅ ଷହݎହ଼ݎ ൅ ଷ଻ݎହ଻ݎ଺଻ݎ െ  ଷହݎହ଻ݎ଺଻ݎ

        െݎ଺଻ݎହ଺ െ ଺଻ݎଷ଼ݎ ൅ ଷଽݎସଷݎସଽݎ െ  ,ସଽݎସ଴ݎ

଻଺ݎ ൌ ଻ସݎ െ ଻଻ݎ                                  ,଻ଷݎ଻ଵݎ ൌ ଻ହݎ െ   ,଻ଷݎ଻ଶݎ

଻଼ݎ  ൌ ௥ళళ
௥ళల

଼ܥ                                                , ൌ െݎ଻଼, 

଻ܥ ൌ െሺݎ଻ଵ଼ܥ ൅ ଺ܥ                  ,଻ଶሻݎ ൌ ସଽݎ െ ଻ܥହ଴ݎ െ      ଼ܥହଵݎ

ହܥ ൌ െሺݎସଷܥ଺ ൅ ଻ܥସସݎ ൅  ,ሻ଼ܥସହݎ

ସܥ ൌ െሺݎ଺ହܥ଻ ൅ ଼ܥ଺଺ݎ ൅  ,଺଻ሻݎ

ଷܥ ൌ െሺݎହ଻ܥସ ൅ ଻ܥହଽݎ ൅ ଼ܥ଺଴ݎ ൅  ,ହ଼ሻݎ

ଶܥ ൌ ସܥ ൅ ଵܥ                                ,ଵݎ ൌ െܥଷ . 

 

 

 


