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ABSTRACT

In this paper, the evolution of an acceleration wave for the system of partial differential equations 
describing one dimensional, unsteady, axisymmetric motion of transient pinched plasma has been 
considered. The amplitude of the acceleration wave propagating along the characteristic associated 
with the largest eigenvalue has been evaluated. The interaction of the strong shock with the acceler-
ation wave has been investigated. Effects of ambient density exponent and magnetic induction has 
been investigated.
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1. INTRODUCTION

For nonlinear hyperbolic system of equations,
discontinuity waves, which are also known as
acceleration waves are important kind of solu-
tions. These waves are characterized by a dis-
continuity in a normal derivative of the field but
not in the field itself (Mentrelli et al. 2008).
The general theory of wave interaction prob-
lem has been developed in the works of Jef-
frey (Jeffrey 1973) and Boillat & Ruggeri (Boil-
lat and Ruggeri 1979). Varley & Cumberbatch
Varley and Cumberbatch (1965), Jeffrey (Jef-
frey 1976) and Boillat & Ruggeri (Boillat and
Ruggeri 1979) have studied the evolution of a
weak discontinuity for a hyperbolic quasi-linear
system of equations satisfying the Bernoulli’s
law. In (Landau and Lifshitz 1976), it has been
shown that as a consequence of an interaction
with a weak wave, the shock undergoes an ac-
celeration jump; the same has also been seen in
the works of Brun (Brun 1975) and Boillat &
Ruggeri (Boillat and Ruggeri 1979). In (Radha
et al. 1993), it has been shown that the gen-
eral theory of wave interaction problem origi-
nated from the work (Jeffrey 1973) leads to the
results obtained in (Boillat and Ruggeri 1979)
and (Brun 1975). The theory has been success-
fully used in the works (Jena 2005) - (Pandey

and Sharma 2013) to study the interaction of 
discontinuity wave with a characteristic shock 
or a strong shock in different mediums.

Since the study of Magneto-hydrodynamic 
(MHD) plasma is very complex, several sim-
plifications have been introduced in many 
mod-els suggested in literatures. The 
confinement of plasma by magnetic pressure 
plays an impor-tant role in the MHD and 
plasma physics. A pinch is the compression of 
an electrically con-ducting filament by 
magnetic forces. There are two types of pinch 
i.e. z-pinch and θ-pinch. In a z-pinch, the 
current is axial and the mag-netic field 
azimuthal in a cylindrical coordi-nate system; 
however, in a θ -pinch the cur-rent is 
azimuthal (i.e. in θ direction in the cylindrical 
coordinate systems) and the mag-netic field is 
axial. In many kinds of pinch de-vice, an 
impulsive application of a large current seems 
to set up a shock wave propagating into 
plasma. Sinzi (Sinzi Kuwabara 1963)-(Sinzi 
Kuwabara 2013) considered a problem 
concern-ing the pinch of a cylindrical plasma 
due to magnetic pressure. The magnetic fields 
are in-duced by (i) axial currents 
corresponding to the self pinch in which the 
circumferential mag-netic field is generated by 



an axial sheet current on the plasma cylinder (as-
sumed to be a perfect conductor), (ii) azimuthal cur-
rents corresponding to the induced pinch in which
a coil surrounding a plasma cylinder generates an
axial magnetic field, which pinches the plasma and
an azimuthal sheet current being induced on its sur-
face. For the system of equations describing tran-
sient pinched plasma, self-similar solutions are ob-
tained in Jena (2012) and interaction of an accel-
eration wave with a characteristic shock is con-
sidered in Jena and Singh (2013b). Radiation ef-
fects on MHD flow past an exponentially acceler-
ated isothermal vertical plate with uniform mass
diffusion in the presence of heat source has been
taken up in Reddy, Reddy, and Suneetha (2012).
In Reddy (2013), Lie Group Analysis of heat and
mass transfer effects on steady MHD free convec-
tion flow past an inclined surface with viscous dis-
sipation has been considered.

In this paper the system of partial differential equa-
tions describing one dimensional unsteady axisym-
metric motion of transient pinched plasma is con-
sidered. It is assumed that (i) the plasma is axisy-
metric and infinitely long, (ii) the plasma is a per-
fect conductor so that the electric current appears
only as a sheet current, (iii) initially the magnetic
field is not present in the plasma and (iv) the in-
finitely conductivity prevents the diffusion of the
outer magnetic field into the plasma. We have eval-
uated the amplitude of the acceleration wave prop-
agating along the characteristic associated with the
largest eigenvalue. Numerical calculations are car-
ried out by considering the particular solution ob-
tained in Jena (2012). The interaction of an accel-
eration wave with a strong shock has been consid-
ered. The jump in the shock acceleration and the
amplitudes of reflected and transmitted waves af-
ter interaction are evaluated by using the results of
general theory of wave interaction Radha and Jef-
frey (1993).

2. BASIC EQUATIONS

The matrix form of the governing equations de-
scribing axisymmetric motion of a polytropic gas
with adiabatic index γ can be written in the matrix
form as Jena and Singh (2013b)

Ut +AUx = f , (1)

where U = (ρ, u, p, B)tr,
f = (−ρu/x, 0, −γpu/x, −Bu/x)tr and

A =


u ρ 0 0
0 u 1/ρ B/(µρ)
0 γp u 0
0 B 0 u

 ,

with u as the particle velocity along x-axis, t the

time, ρ the density, p the pressure, B the magnetic
induction and µ the magnetic permeability, respec-
tively and ’tr’ represents transpose. Considering T
as the temperature of the gas and R the gas constant,
the equation of state is given by

p = ρRT.

We consider the motion of a shock front, x = χ(t),
propagating into an inhomogeneous medium spec-
ified by U∗ = (ρ0,u0, p0,B0)

tr with the speed V
where

ρ0 = ρ0(x),u0 = 0, p0 = constant,B0 = B0(x). (2)

The conservation form of equation (1) in the re-
gions behind and ahead of the shock (i.e. to the left
and to the right of the discontinuity curve, dx/dt =
V ) can be written as

Gt(x, t,U)+Fx(x, t,U) = H(x, t,U),

Gt(x, t,U∗)+Fx(x, t,U∗) = H(x, t,U∗). (3)

where U and U∗ are the solution vectors behind and
ahead of the shock and G,F and H have the follow-
ing forms

G =
(

ρ,ρu, p
γ−1 +

1
2 ρu2 + B2

2µ ,B
)tr

,

F =
(

ρu,ρu2 + p+ B2

2µ ,u
(

γp
(γ−1) +

B2

µ + 1
2 ρu2

)
,uB
)tr

,

H =
(
−ρu

x ,−ρu2

x ,− u
x

(
γp

(γ−1) +
B2

µ + 1
2 ρu2

)
,− uB

x

)tr
.(4)

and tr represents transpose.

In general if the conservation equation can be writ-
ten in the form (3) where G and F are column
vectors having n components, then the Rankine-
Hugoniot equations are written as

|[Gi]|V = |[Fi]|, i = 1,2, ...n . (5)

Here, |[A]|= A−A0 represents jump in the variable
A, where A0 is condition in the medium ahead of the
shock and A is the condition in the medium behind
the shock. Using (4) in (5), the Rankine-Hugoniot
jump conditions across the shock front when B0 6= 0
and γ 6= 2 can be written as Jena (2012)

ρ(χ(t),t)
ρ0(χ(t))

= µ
(γ−2)B2

0

(
{(γ−1)ρ0(χ(t))V 2+

2γp0 +γB2
0(χ(t))/µ}±K

)
,
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u =
(

1− ρ0(χ(t))
ρ(χ(t),t)

)
V,

p =
(

1− ρ0(χ(t))
ρ(χ(t),t)

)
ρ0(χ(t))V 2− 1

2µ

×
(

ρ2(χ(t),t)
ρ2

0(χ(t))
−1
)

B2
0(χ(t))+ p0, (6)

B = ρ(χ(t),t)
ρ0(χ(t))

B0(χ(t)),

where

K2 = {(γ−1)ρ0(χ(t))V 2 +2γp0 + γB2
0/µ}2

−4(γ+1)ρ0V 2(γ−2)B2
0(χ(t))/µ.

However, if B0 = 0 then the conditions are

ρ(χ(t), t) = (γ+1)ρ0
2(χ(t))V 2

(γ−1)ρ0(χ(t))V 2+2γp0
,

u(χ(t), t) = 2
(γ+1)

ρ0(χ(t))V 2−γp0
ρ0(χ(t))V

,

p(χ(t), t) = 2ρ0(χ(t))V 2−(γ−1)p0
(γ+1) , (7)

B(χ(t), t) = 0,

and if γ = 2 then the conditions are

ρ(χ(t), t) = (γ+1)ρ0
2(χ(t))V 2

(γ−1)ρ0(χ(t))V 2+2γp0+γB2
0(χ(t))/µ ,

u(χ(t), t) = 2{ρ0(χ(t))V 2−γp0}−γB2
0(χ(t))/µ

(γ+1)ρ0(χ(t))V
,

p(χ(t), t) = 2{ρ0(χ(t))V 2−γp0}−γB2
0(χ(t))/µ

(γ+1)

−B2
0(χ(t))

2µ

(
{(γ+1)ρ0(χ(t))V 2}2

{(γ−1)ρ0(χ(t))V 2+2γp0+γB2
0(χ(t))/µ}2 −1

)
, (8)

B(χ(t), t) = (γ+1)ρ0(χ(t))V 2

(γ−1)ρ0(χ(t))V 2+2γp0+γB2
0(χ(t))/µ B0(χ(t)).

In case of a strong shock B0 << V and p0 << V
and hence the conditions are as per following

ρ(χ(t), t) =
γ+1
γ−1

ρ0(χ(t)),

u =
2

γ+1
V, p =

2
γ+1

ρ0(χ(t), t)V 2, (9)

B =
γ+1
γ−1

B0(χ(t)).

3. EVOLUTION OF THE ACCELERATION
WAVE

The eigenvalues of matrix A in (1) are given by

λ
(1) = (u+a), λ

(2) = u(a double root), (10)

λ
(3) = (u−a),

where a =
(

γp
ρ
+ B2

ρµ

)1/2
is the frozen speed of

sound in the medium. The left and right eigenvec-
tors corresponding to these eigenvalues are

L(1)=
(

0,ρa,1, B
µ

)
, R(1)=

(
1

2a2 ,
1

2ρa ,
γp

2ρa2 ,
B

2ρa2

)tr
,

L(2,1)=
(
−a2,0,1, B

µ

)
, R(2,1)=

(
−a−2,0, −B

µ ,1
)tr

,

L(2,2) = (1,0,− ρ

2γp ,−
ρ

2B ), R(2,2) = (u−2,0,0,0)tr,

L(3)=(0,−ρa,1, B
µ ), R(3)=( 1

2a2 ,− 1
2ρa ,

γp
2ρa2 ,

B
2ρa2 )

tr.(11)

We consider that the acceleration wave (or C(1) dis-
continuity) is propagating along the characteristic
curve associated with the largest eigenvalue i.e. de-

termined by
dx
dt

= λ
(1), originating from the point

(x0, t0) in the region U = (ρ,u, p,B)tr swept by the
strong shock. Using the transport equation obtained
by Radha and Jeffrey (1993)

L(1)
{

dΛ1
dt +(Ux +Λ1)(∇λ(1))Λ1

}
+{(∇L(1))Λ1}tr dU

dt

+(L(1)
Λ1

{
(∇λ

(1))Ux +λ
(1)
x

}
−(∇(L(1) f ))Λ1 = 0,(12)

the Bernoulli type of transport equation for ampli-
tude of the acceleration wave α(1) has been ob-
tained in Jena and Singh (2013b) as

dα(1)

dt
+ J1α

(1)2
+ J2α

(1) = 0, (13)

where Λ1 = α(1)(t)R(1) denotes the jump in Ux
across the C(1) discontinuity and is collinear to the
right eigenvector R(1) and

J1 =
1

2ρa

(
1
2 +

γ2 p
2ρa2 +

B2

ρa2µ

)
,

J2 =
1

2ρa

(
1
2 +

γ2 p
2ρa2 +

B2

ρa2µ

)(
ρaux + px +

BBx
µ

)
(14)

+2(ux +ax)
{
−ρ

2 −
γ2 p
2a2 − B2

a2µ −
γ2 p
ρa2 +
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Fig. 1. Variation with B

γ = 2, µ = 1.2566371∗10(−6), δ = 1.5
α =−1/3, σ = 1.5

Fig. 2. Variation with σ

γ = 2, µ = 1.2566371∗10(−6), δ = 1.5,

α =−1/3, B = 0.0000001

γ3 p2

(ρa2)2 +
2γB2 p
(ρa2)2µ −

B2

µρa2 +
B2

µ(ρa2)2

(
γ2 p+ 2B2

µ

)
−(

1
4 +

γ2 p
4ρa2 +

B2

2ρa2µ

)}(
ux +

u
x

)
+ a

2x+

+ u
xρa2

(
γ2 p
2 + B2

µ

)
.

Integrating equation (13) with respect to t we obtain

α
(1) =

α
(1)
0 M(t)

1+α
(1)
0 N(t)

, (15)

where N(t) =
∫ t

t0 J1(s)M(s)ds, M(t) =

exp
(
−
∫ t

t0 J2(s)ds
)

and α
(1)
0 = α(1)(t0). The

solution at (15) breaks down at some critical time
t = tc where 1 + α

(1)
0 N(t) = 0, which indicates

the appearance of a shock wave at an instant tc
(i.e. a compression wave culminates into a shock
in a finite time only when the initial discontinuity
associated with the wave exceeds a critical value).

For numerical computations we considered the par-
ticular solution for γ = 2 to the system of equations

obtained in Jena (2012), which is given by

ρ = ρ0cξ
−ηtδσ, u =

2
3

ξtδ−1,

p =
2
3

ρ0cδ
2
ξ
−φtδσ+2(δ−1), (16)

B = 3B0cξ
−ψt(δ−1)+δσ/2,

where
ξ = xt−δ, η =−(4+3σ),

δ = 3/2, φ =−3(2+σ),

ψ = φ/2, 2+3
B2

0c
ρ0cµ

= 0 ,

and σ is the ambient density exponent ( i.e. ρ0 =
ρ0cxσ).

Using (16), equation (13) is solved numerically for
α(1) and the results are depicted in Figures 1 and
2. It has been observed that α(1) decreases as t in-
creases and tends to zero as t → ∞. The amplitude
of the incident wave α(1) increases with an increase
in the magnetic induction B, but decreases with an
increase in the ambient density exponent.

4. COLLISION OF ACCELERATION WAVE
WITH THE STRONG SHOCK

For evaluating the amplitudes of the reflected and
transmitted waves after interaction, we consider the
conservation equation (3) in the regions behind and
ahead of the shock propagating with speed V . Let
P(xp, tp) be the point at which the fastest C(1) dis-
continuity of (3)1, moving along the characteristic
φ(x, t) = 0 and originating from the point (x0, t0)
intersects the shock path. As we have considered
the case of strong shock, the value of a in (10) at
t = tp i.e. at the shock, can be given by ΓV

γ+1 where
Γ2 = 2γ(γ− 1). Hence, the eigenvalues at t = tp
on both the sides of the shock are of the following
form

λ
(1) = 2+Γ

(γ+1)V, λ(2) = 2
(γ+1)V,

λ
(3) = 2−Γ

(γ+1)V, (17)

and

λ
(1)
∗ =

(
γp0
ρ0

+
B2

0
ρ0µ

)1/2
,

λ
(2)
∗ = 0,

λ
(3)
∗ =−

(
γp0
ρ0

+
B2

0
ρ0µ

)1/2
. (18)
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Since, the pressure ahead of the shock wave (where
the variables are designated by asterisk) is very
small when compared with the pressure behind, the
Lax evolutionary conditions for a physical shock
can be given by Radha and Jeffrey (1993), Lax
(1957)

λ
(3)< λ

(2)<V < λ
(1) and λ

(3)
∗ < λ

(2)
∗ < λ

(1)
∗ <V.(19)

From the above relations imply that as the inci-
dent wave encounters the shock with velocity λ(1)

at t = tp, two reflected waves in the characteristics
with velocities λ(2) and λ(3) are generated from the
collision point and no transmitted waves formed.
As in Radha and Jeffrey (1993), the jump in Ux
of the incident and reflected waves (as there are
no transmitted waves) on the discontinuity line are
given by the relations

Λ1(P) = α
(1)(tp)R

(1)
s ,

Λ
(R)
2 (P) = α

(2)
1 (tp)R

(2,1)
s +α

(2)
2 (tp)R

(2,2)
s , (20)

Λ
(R)
3 (P) = α

(3)(tp)R
(3)
s ,

where a subscript s refers to the values evaluated at
the shock. The evolutionary equations to determine
the jump in the shock acceleration [V̇ ] = V̇t+p − V̇t−p
at the collision time t = tp and the coefficients of
the amplitudes of reflected waves α

(2)
1 , α

(2)
2 and

α(3) can be determined from the algebraic system
of equations

(G−G∗)s[V̇ ]+ (∇G)sR
(2,1)
s (V −λ

(2)
s )2

α
(2)
1 +

(∇G)sR
(2,2)
s (V −λ

(2)
s )2

α
(2)
2 +(∇G)sR

(3)
s

×(V−λ
(3)
s )2

α
(3)=−(∇G)sR

(1)
s (V−λ

(1)
s )2

α
(1).(21)

In view of relations (10), (11) and (21) the balance
equation at the time tp can be written as the follow-
ing system of algebraic equations in the unknowns
[V̇ ], α

(2)
1 , α

(3)
2 and α(3)

2ρ0(χ(t))
(γ−1) [V̇ ]− (γ−1)2

Γ2 α
(2)
1 + (γ−1)2

4 α
(2)
2 +

(γ+Γ−1)2

2Γ2 α(3) =− (γ−Γ−1)2

2Γ2 α(1),

2ρ0(χ(t))
(γ−1) [V̇ ]− 2(γ−1)2

Γ2(γ+1)α
(2)
1 + (γ−1)2

2(γ+1)α
(2)
2 (22)

+ (γ+Γ−1)2(Γ−2)
2Γ2(γ+1) α(3) =− (γ−Γ−1)2(Γ+2)

2Γ2(γ+1) α(1),

4ρ0(χ(t))
(γ−1) [V̇ ]−

(
2(γ−1)2

Γ2(γ+1) +
B0
µ

)
α
(2)
1 + (γ−1)2

2(γ+1)α
(2)
2

+ (γ+Γ−1)3

Γ2(γ+1) α(3) =− (γ−Γ−1)2(γ+Γ+1)
Γ2(γ+1) α(1),

2
(γ−1)B0[V̇ ]+α

(2)
1 = 0.

The solution of the algebraic system of equations
(22) can be obtained as per the following

[V̇ ] = −2(γ−Γ−1)2(Γ+2γ)

Γ2{2(γ+Γ−1)(γ+1)A2−(Γ−4)(γ+1)A3−2(Γ+2γ)A1}
α(1),

α
(3) = (γ−Γ−1)2

(γ+Γ−1)2

× 2(Γ−γ−2)(Γ+2γ)A1−2(Γ+γ−1)(γ+1)A2+γ+1)Γ(γ+Γ−2)A3
(γ+Γ−2){−2(Γ+2γ)A1+2(γ+Γ−1)(γ+1)A2−(Γ−4)(γ+1)A3}

α(1),

α
(2)
2 =−2(γ−Γ−1)2

(γ−1)2Γ2 (23)

× 4(Γ+2γ)(Γ−2)A1+2(γ+1)(Γ+γ−1)(γ+Γ−3)A2+4(γ+1)(Γ+γ−2)A3
(γ+Γ−2){−2(Γ+2γ)A1+2(γ+Γ−1)(γ+1)A2−(Γ−4)(γ+1)A3}

α(1),

α
(1)
2 = 2

(γ−1) B0
−2(γ−Γ−1)2(Γ+2γ)

Γ2{2(γ+Γ−1)(γ+1)A2−(Γ−4)(γ+1)A3−2(Γ+2γ)A1}
α(1),

where α(1) is given by (15) and

A1 =
2ρ0
γ−1 +

2(γ−1)B0
Γ2 ,

A2 =
2ρ0
γ−1 +

4(γ−1)B0
Γ2(γ+1) ,

A3 =
4ρ0
γ−1 +

2B0
γ−1

(
2(γ−1)2

Γ2(γ+1) +
B0
µ

)
.

Equations (23) show that the amplitudes of the re-
flected waves are proportional to the amplitude of
the incident wave. In the absence of the incident
wave (i.e. α(1) = 0), there are neither reflected
waves nor jump in the shock acceleration. An in-
crease in the magnitude of the incident wave causes
the reflection coefficients and the jump in shock ac-
celeration to increase in magnitude.

5. RESULTS AND CONCLUSION

In this paper, a system of equations describing one
dimensional, unsteady, axisymmetric motion of a
transient pinched plasma has been considered to
study evolution of an acceleration wave and its in-
teraction with a strong shock. The amplitude of
the acceleration wave α(1) traveling on the char-
acteristics satisfy the Bernoulli type equation. Us-
ing solutions obtained in Jena and Singh (2013b)
the equation is solved numerically for α(1) and it
has been observed that α(1) decreases as t increases
and tends to zero as t → ∞. Also, the amplitude
of the incident wave α(1) increases with an increase
in the magnetic induction B, but decreases with an
increase in the ambient density exponent.

It has also been observed that after interaction of
the acceleration wave through a strong shock, there
are two reflected waves along the characteristic
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lines with velocities λ(2) and λ(3) and no transmit-
ted waves. The amplitudes of reflected waves and
the jump in shock acceleration after interaction are
evaluated and are found to be proportional to the
amplitude of the incident wave. In the absence of
the incident wave (i.e. α(1) = 0), there are neither
reflected waves nor the jump in the shock accelera-
tion. An increase in the magnitude of the incident
wave causes the reflection coefficients and the jump
in shock acceleration to increase in magnitude.
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