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ABSTRACT 

In this study, the internal flow pattern of a sessile microdroplet undergoing a lateral vibration was analyzed by 
using both the experimental and CFD simulation methods. By initially staining the droplet partially with 
fluorescent dye, the main flow inside the laterally vibrating microdrop was experimentally demonstrated to be 
that the main fluid flows downward along the central axis and ascends upward along the surface to form two 
counterflow circuits. Experimental evaluation of fluid mixing inside the droplets verified that the internal 
flowing velocity is dependent on the vibrating frequency, the main fluid flows faster at the resonant modes. 
CFD simulation using the VOF-CSF model showed that extra flow circuits exit inside the oscillating droplet 
besides the main flow. The diffusion of substrate momentum within the Stokes layer results in the two flow 
circuits near the bottom substrate, and the Laplace force due to the droplet deformation induces the two 
counter-current flow circuits near the surfaces of the microdroplet. 

Key words: Internal flow; Sessile drop; Lateral vibration; Microdrops. 

1. INTRODUCTION

In recent years, the behavior of sessile liquid 
droplets in partial contact with a solid substrate 
actuated by external actuators and energy sources, 
e.g. the mechanical vibration and induced
electrowetting, has been studied extensively not
only for scientific purpose but also for industrial
applications. Among the various methods for
manipulating the liquid droplets, driving droplet
vibration by a periodic force at the resonant
frequencies has attracted considerable interests due
to the applications in the technological processes,
such as heating, ventilation, air conditioning and
extraction (Wilkes and Basaran, 1997; Moon et al.,

2006; Lee et al., 2015; Daw and Finkelstein, 2006). 
Kelvin (1882) and Rayleigh (1894) have employed 
the pioneer studies of the oscillation of free liquid 
droplets. Lamb (1932) obtained the general 
equation (Lamb’s equation) for the different 
resonant frequencies of a free liquid drop. Later 
analysis by Strani and Sabetta (1984) showed that 
when a droplet is contacted with a solid surface, the 
resonant oscillating frequencies of the droplet could 
be raised slightly. Their study also demonstrated 
that the sessile droplet has a low-frequency mode 
(rocking mode) besides the Rayleigh modes 
calculated by Lamb’s equation. When a sessile 
droplet stands on a vibrating hydrophobic substrate, 
the contact line remains pinned at low vibration 
amplitudes, whereas at higher amplitudes, the 
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contact line experiences an oscillatory motion by 
overcoming the contact angle hysteresis. Noblin et 
al. (2009a) studied the vertical vibration of a water 
drop standing on a hydrophobic substrate, showing 
that the drops experience a stick-slip motion at high 
vibration amplitudes. They also studied the motion 
of a drop lying on a plate simultaneously submitted 
to horizontal and vertical harmonic vibrations, 
offering new possibilities of controlled motion in 
droplet microfluidics applications. Brunet et al. 
(2008; 2009) realized the upward motion of liquid 
drops against gravity on an inclined plate 
undergoing a vertical vibration. Rahimzadeh and 
Eslamian (2017) studied the effect of imposing 
ultrasonic vibration on the oscillations and 
evaporation of sessile droplets. The stick-slip 
phenomena were observed for the vibrated droplets, 
and the time-varying contact angles were measured, 
which showed that in the case of vertical vibration, 
the left and right contact angles oscillate in-phase, 
whereas in the case of horizontal vibration, there is 
180° phase difference between left and right contact 
angles. Daniel et al. (2001; 2002; 2004; 2005) 
investigated the motion of sessile liquid droplets on 
a solid substrate undergoing a lateral vibration, and 
found that a periodic force would be applied to the 
droplets by the vibration, which promotes the 
ratcheting motion of droplets by helping to 
overcome the contact angel hysteresis. CFD 
simulation by Dong et al. (2006) verified that the 
promoting effect reaches the maximum at the 
resonant frequencies due to the larger contact angle 
variation on both sides of the droplets. Mettu and 
Chaudhury (2011) demonstrated that finite 
hysteresis is necessary for a drop to move on a 
surface when it is subjected to a period but 
asymmetric vibration. They (2008) also studied the 
motion of drops on a surface induced by thermal 
gradient and vibration, and presented a simple 
model that describes the dependence of drop 
velocity on hysteresis, vibration amplitude, and 
resonance frequencies of vibration.  

The mechanical vibration can not only promote the 
droplet motion on a solid substrate, but also 
enhance the heat and mass transfer inside the drop 
by inducing internal flows (Kaji et al., 1985; Chung 
and Trinh, 2000; Zhu et al., 2002; Kinoshita et al., 
2007). Hao et al. (2010, 2011a,b) studied the 
dynamic transportation of a water droplet on the 
microstructured hydrophobic silicon substrates and 
obtained the internal flow pattern inside the droplet 
by using the particle image velocimetry (PIV) 
technique. It has also been demonstrated that the 
acoustic vibration can create fluid flow, such as 
streaming, microstreaming, and surface waves, and 
also enhance heat transfer in the thin liquid film 
(Eslamian, 2017). Muggele et al. (2006; 2011) 
triggered the self-excited oscillation of droplets by 
using electrowetting to accelerate the internal 
mixing of water and observed the internal flow 
pattern by following the motion of fluorescent dyes. 
They demonstrated an axisymmetric internal flow 
for the oscillating droplets that is first pulled 
downwards along the symmetry axis, and 
subsequently folds back upwards along the surface 
of the drop towards the apex. However, opposite 

results were obtained by Lim’s group (Shin and 
Lim, 2014; Kim and Lim, 2015) and Park et al. 
(2016), they found that a vertically vibrating droplet 
attains various shapes at different modes, resulting 
in complicated vortices inside the droplet. In the 
visualization, the flow moves upwards starting from 
the bottom center of the droplet along the 
symmetric axis and then moves closer to the three 
phase contact line along the surface of the upper 
part of the droplet.  

All the mentioned investigations on the internal 
flow inside the oscillating droplets considered the 
cases of sessile drops undergoing vertical vibration, 
while the similar studies for drop undergoing lateral 
vibration has not been reported. In this study, we 
investigated the internal flow pattern inside a 
sessile droplet undergoing a lateral vibration using 
both the experimental and computational fluid 
dynamic (CFD) methods. By initially staining 
droplet partially with fluorescent Rhodamine B, the 
main flow inside the vibrating droplet was analyzed 
by tracing the motion of the fluorescent dye. CFD 
simulation demonstrated that extra flow circuits 
exist inside the droplet besides the main flow. 
Moreover, fluid mixing inside the droplet was 
evaluated to compare the velocity of the main flow 
at different vibration frequencies.  

2. EXPERIMENTAL  

2.1 Preparation of Hydrophobic Substrates  

In this study, glass slides (76 × 26 mm) treated with 
octadecyltrichorosilane (OTS) were used as the 
hydrophobic solid substrates. The glass slide was 
firstly ultrasonically cleaned and dried using 
ultrapure nitrogen gas, then immersed in hot 
piranha solution (30% H2O2, 70% H2SO4 ) for 1 
hour at 90C to remove the impurities. After being 
rinsed with copious amounts of distilled water, the 
glass slide was dried with ultrapure nitrogen gas, 
and then immersed in the solution of 0.1 ml of OTS 
in 25 ml of hexadecane and heated at 90C in an 
oven for 20 minutes (Daniel et al., 2001). 
Subsequently, the wafer was treated with 
chloroform for 15 min and anhydrous alcohol for 
30 minutes, and finally dried using ultrapure 
nitrogen gas (Hao et al., 2011). Yong’s contact 
angle of the obtained hydrophobic solid substrate 
was measured to be 110±1 using a contact angle 
analyzer (OCA20, Dataphysics). It is noteworthy 
that the dry environment during the preparation is 
crucial for obtaining a high-quality hydrophobic 
surface by suppressing the reaction of silanes with 
the atmospheric water.  

2.2 Experimental Setup 

The experimental setup is illustrated in Fig. 1, in 
which, a YE1311B function generator (Yangzhou 
Radio Factory, China) was used to supply 
sinusoidal waves with different amplitudes and 
frequencies by adjusting the electrical voltages 
and frequencies (the frequency range used in the 
experiments is 90–170Hz and the amplitude is 
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0.1mm). A TS-ICP IEPE power conditioner 
(TYTEST Co. LTD, China) was connected to the 
substrate for determining the vibration 
amplitude. In order to follow the internal flow 
inside the oscillating droplet, two droplets of 
different sizes were merged during the 
oscillation with the top smaller one containing 
fluorescence (Rhodamine B) such that the top of 
the resulting larger droplet was stained whereas 
the bottom remained dark under the 
epifluorescence observation (Mugele et al., 
2011). The side view video snapshots of the 
oscillating drop were recorded with a charge 
coupled device (CCD) camera (MC20-N, 
OLYMPUS) equipped with a SZ-61 microscope 
(OLYMPUS). The fluorescent light at 512 nm 
was supplied by a halogen lamp (CEL-350A, 
OLYMPUS). The whole experiment setup was 
placed on a vibration isolation platform to avoid 
the effect of external factors. It should be noted 
that the concentration of Rhodamine B in the 
droplet is very low (< 0.1%) and its particle size 
is very small (15 nm), it does not affect the fluid 
flow by closely following the fluid stream. 
During the experiments, the environmental 
humidity was controlled, and the measurements 
were carried out as fast as possible for 
minimizing the effect of droplet evaporation.  

 
Fig. 1. Schematic of the experimental setup 

1. CCD; 2. Function generator; 3. Halogen lamp; 
4. IEPE power conditioner; 5. Computer 

2.3 Mathematical Formulation  

A FLUENT package was employed to simulate 
the internal flow field inside the laterally 
oscillating droplet, in which, the 3d Navier-Stokes 
and continuity equations are solved using a well-
established volume of fluid (VOF) model. In this 
study, we only considered the cases that the 
contact line remains pinned when the external 
force could not overcome the contact angle 
hysteresis. In the VOF model, the continuity and 
Navier-Stokes equations are solved for the 
domains comprising two fluid phases  in 
conjunction with an extra VOF advection 
equation, in which, a variable α, representing the 
volume fraction of one of the phases, is introduced 
to track the free surface. α =1 means the given 
computational cell is filled with one of the phases 
(i.e. liquid). On the contrary, α = 0 indicates that 
the cell is filled with the other phase (i.e. air). 0 < 
α < 1 denotes the cell including the interface 
(Daniel and Chaudhury, 2002).  

The 3D Navier-Stokes equation used to solve the 
problem of the oscillating drop can be expressed as  
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In the CFD simulation, the diameter of the studied 
liquid droplet is 2 mm and the vibration amplitude 
of the substrate for all the simulation is 0.5 mm. 
The numerical analysis was carried out on a 
uniform rectangular mesh with the size of 40 m  
40 m  40 m, which was selected by decreasing 
the mesh size until the simulation results were no 
longer depended on the mesh size. The boundary 
conditions on the solid surface are no-slip and no-
penetration conditions as Eq. (4). 

    0,    0su U v w  ，
                              

In Eq. (4), Us is the velocity of the vibrating 
substrate. For a sinusoidal periodic vibration, 

 2 Acos 2 tsU   , A and  being the 

vibration amplitude and frequency. In our 
simulation, user defined function (UDF) program 

has been written to define sU  in FLUENT. 

3. RESULT AND DISCUSSION 

According to the previous studies (Brunet et al., 
2008; 2009; Daniel et al., 2002; 2005), the 
Rayleigh resonant modes of a sessile droplet in 
partial contact with a substrate undergoing a lateral 
oscillation can still be calculated by Lamb’s 
equation (Eq. (5)) (Wilkes and Basaran, 1997).  

γ
ω= n(n-1)(n+2)

3πm       
 

where  is the resonant frequency, n is an integer 
value of 2 or higher,  and m are the surface tension 
and mass of the droplet, respectively. Later, Strani 
and Sabetta (1984) showed that a drop in partial 
contact with a surface has an extra low-frequency 
mode related to the oscillation of the center-of-
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mass, which is called the rocking mode. For the 
water droplet with a diameter of 2 mm and mass of 
3.1 mg investigated in this study, the resonant 
frequencies for the rocking mode and the first and 
second Rayleigh mode can be determined to be 
around 60 Hz, 140 Hz and 272 Hz, respectively 
(Dong et al., 2006).  

 
Fig. 2. Experimental visualization of the flow 

pattern inside a sessile water droplet on a 
substrate undergoing a lateral vibration. The 

diameter of the droplet is 2 mm and the mass is 
3.1 mg. The vibration frequency is 140Hz and 

the amplitude is 0.1 mm. The green dotted lines 
are used to indicate the flow direction. The rate 
of the camera in the experiments is 200 frames 

per second. 

Figure 2 demonstrated the flow pattern inside a 
sessile water droplet undergoing a lateral vibration, 
indicted by the redistribution of Rhodamine B 
inside the droplet. Once the droplet starts to 
oscillate, the stained fluid containing the 
fluorescence on the top flows downward from the 
center, and then flows upwards near the surfaces to 
form two counterflow circuits, resulting in the 
uniform distribution of Rhodamine B inside the 
droplet within a few seconds depending on the 
viscosity of the droplet liquid. This result agrees 
with that obtained by Muggele et al. (2006; 2011) 
for the cases of electrowetting-triggered vertically 
oscillating droplets, in which, the fluid first pulled 
downwards along the symmetry axis, and 
subsequently moves upwards along the surface of 
the droplets.  

For investigating the effect of fluid viscosity, Fig. 3 
illustrated the captured images of the internal flow 
pattern of four droplets, whose viscosity was varied 
by adding different amount of glycerol to the water 
droplet ( volume content = 5%, 10%, 20%, 40%). It 
was observed that the overall scenario of fluid flow 
inside the droplet with different viscosity is similar, 
with the main flow being that fluid flows 
downward along the central axis and ascends 
upward along the surface. However, for the droplet 
with the volume content of glycerol = 40%, two 
small flow circuits can be observed near the 
substrate.   

For the sessile droplet on a laterally vibrating 
substrate, the substrate momentum diffuses within 

the Stokes layer over a distance of 
1/2(2 / )  . 

Above this distance, the droplet experiences the 
inertial force, while within the Stokes layer, the 
viscous fluid cannot be neglected. The case of the 
vertically vibrating droplet is different, in which, 
the whole droplet experiences the inertial force and 
the viscous force can be neglected. In this regard, 
the study of the internal flow inside a laterally 
oscillating droplet have to consider the flow within 
and outside the stokes layer. In the experimental 
study, we cannot clearly see the flow inside the 
Stokes layer when the fluid viscosity is low. While 
with an increase in fluid  

 
Fig. 3. Flow pattern inside a sessile water droplet 

with different viscosity on a substrate undergoing a 
lateral vibration. (a) Volume content of glycerol is 

5%, vibration frequency is135 Hz, viscosity is 
about 1.01 cP；(b) Volume content of glycerol is 
10%, vibration frequency is 135 Hz, viscosity is 
about 1.31 cP；(c) Volume content of glycerol is 
20%, vibration frequency is 130 Hz, viscosity is 

about 1.76 cP； (d) Volume content of glycerol is 
40%, vibration frequency is 125 Hz, viscosity is 

about 4.86 cP；The vibration amplitude is 0.1 mm 
and the green dotted lines are used to indicate the 

flow direction. 

viscosity, the Stokes layer becomes thicker and the 
flowing speed becomes slower; two small flow circuits 
were observed near the bottom boundary in Fig. 3d.  

To further clarify the flow pattern inside the 
oscillating droplet, the internal velocity vector 
distribution and flow streamline were investigated by 
using the CFD method. It can be seen from Fig. 4 
that at all the three resonant modes, the flow pattern 
inside the droplet has multiple flow circuits with the 
main flow being the downstream along the central 
axis. Besides the main flow, two counterflow 
circuits, induced by the Laplace force due to the 
droplet deformation, can be observed inside both 
sides of the drop. During the lateral oscillation, the 
fluid inside the droplet experiences an inertial force, 
which causes the drop to deform. The deformation is 
associated with an increase of the surface area of the 
drop and the variation of the local curvature along 
the drop surface. Accordingly, a restoring force arises 
inside the deformed drop due to the Laplace pressure, 
which attempts to decrease the surface area and 
restore the drop to its original shape. Competition   
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n=1                   n=2                    n=3 

 
(a) 

 
(b) 

Fig. 4. CFD simulation result of a laterally vibrating water droplet at the resonance modes. (a) 
Distribution of internal velocity vector; (b) Internal flow streamline. The first mode (n=1) corresponds 
to the rocking mode, and the second and third modes here corresponds to the Rayleigh first and second 
modes. The velocity vector and streamline images were obtained by using the software of TECPLOT to 

process the simulation data of FLUENT.  

between the inertial force and Laplace force causes 
capillary waves appearing on the free surface, 
resulting the different shpes of the droplet at various 
resonant modes, and two internal counter-current 
flow circuits arise inside both side of the droplet. 
Moreover, inside the oscillating droplet, two flowing 
circuits appear inside the Stokes layer near the 
bottom substrate, resulted by the diffusion of 
substrate momentum within the Stokes layer. Since 

the Stokes layer region 1/2(2 / )   becomes 
thinner with an increase in the vibrating frequency, 
the two circuits near the substrate turn weaker from 
the first resonant mode (n=1) to the third resonant 
mode (n=3).  

For comparing the velocity of the internal flow 
inside the oscillating droplet, especially the main 
flow, we analyzed the experimental merging time of 
vibrating droplets at different frequencies. The 
merging time refers to the time that the droplets 
start to oscillate (the image at 0.00s in Fig. 2) to the 
time that Rhodamine B is uniformly dispersed in 
the droplet (the image at 38.80 s in Fig. 2). As 
showed in Fig. 5, the merging time for the droplets 
with different viscosity varies with the vibrating 
frequencies. As anticipated, the minimum merging 
time occurs at the resonant frequency, 
demonstrating that the main flow inside the 
oscillating droplet is faster at the resonant mode. 
For the droplet undergoing a lateral vibration, the 
inertial force experienced by the drop is balanced 
by the hydrostatic (pressure) and viscous force, 
while the hydrostatic force exhibits minima at the 
resonant frequencies, resulting in the maximum 
deformation of the oscillating droplet, which is 
accompanied by the faster internal flow inside the 
droplet. Figure 5 also shows that the merging time 
increases with an increase in liquid viscosity, but 
the resonant frequency decreases with an increase 
in liquid viscosity due to the decreased surface 
tension (the value of the surface tension is 

0.073N/m, 0.071N/m, 0.067N/m, 0.063N/m, 
0.056N/m respectively with the increase of the 
liquid viscosity.).   
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Fig. 5. Experimental merging time for vibrating 
droplets at different frequencies 

4.  CONCLUTION 

In this study, the internal flow of a droplet standing 
on a hydrophobic substrate undergoing a lateral 
vibration was analyzed by using both experimental 
and CFD simulation method. By initially staining 
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droplet partially with fluorescent Rhodamine B, we 
found the main flow inside the oscillating drop is 
the fluid flows downward along the central axis and 
ascends upward along the surface to form two main 
flowing circuits. The CFD simulation using the 
VOF-CSF model demonstrated that extra four flow 
circuits exits inside the laterally oscillating droplet 
besides the main flow. The diffusion of substrate 
momentum within the Stokes layer results in the 
two flow circuits near the bottom substrate, and the 
Laplace force due to the droplet deformation 
induces the two counter-current flow circuits near 
the surface inside both side of the droplet. 
Moreover, the velocity of internal flow inside the 
oscillating droplet is investigated by evaluating the 
mixing time of the partially staining droplet, which 
demonstrated that the main flow inside the 
oscillating droplet is faster at the resonant mode. 
Different from the previous studies (Ding et al., 
2009; Celestini and Kofman, 2006) that focused on 
the movement mechanism and shape revolution of a 
laterally vibrated droplet mainly from the macro 
perspective, this study offers a preliminary look on 
the internal flow pattern of a droplet undergoing a 
lateral vibration from a micro perspective. 
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