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ABSTRACT

The effects of an axial magnetic field on both the vortex breakdown process and fluid layers development in a
cylindrical container filled with a conducting viscous fluid are numerically analyzed by using the Generalized
Integral Transform Technique (GITT) with a stream function-only formulation. A temperature gradient is
imposed in the axial direction on the swirling flow which is advanced by the rotation of the bottom disk under
the stabilizing effect of the external magnetic field. Flows are studied for a range of parameters: the Richardson
number, Ri, 0 <Ri <2.0; and three values of the Prandtl number are investigated, Pr = 0.025 (liquid Mercury),
0.032 ( PbLi 17 alloy), and 0.065 (the molten lithium). Three combinations of aspect ratios (H/R) and Reynolds
numbers are compared: (case A: Re=1500, H/R=1.5); (case B: Re=1855, H/R=2.0) and (case C: Re=2400,
H/R=2.5). The results reveal that the increase in the values of Hartmann number, Ha suppresses the vortex
breakdown in the isothermal case and reduces the number of fluid layers in the layering case. The stability
diagram (Hac—Ri) corresponding to the transition from the multiple fluid layers zone to the one fluid layer zone
for increasing Prandtl number is obtained.
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NOMENCLATURE
Bo magnitude of the external magnetic Greck Letters
field, Tesla
Fir dimensionless Lorentz force a fluid thermal diffusivity
cavit B coefficient of thermal expansion of
§ gravity the fluid
" height of the cylinder ,m B elgenva}lues for the temperature
expansion
Ha Hartmann number vi elgenvglues for the streamfunction
expansion
J dimensionless current density I e1genfupct10ns for the temperature
expansion
normalization integral for the temperature difference between the
Li . AT
streamfunction top and the bottom
M nqrmahzatlon ‘mtegral for the 0 dimensionless temperature
azimuthal velocity component
N truncation order " elgenyalues for the a}mmuthal
velocity component expansion
_ normalization integral for the .
Ni temperature field 6 angular coordinate
. . eigenvalues for the temperature
P dimensionless pressure Wi -
expansion
Pr Prandtl number v kinematic viscosity
R radius of the cylinder A thermal conductivity
r, 0,z dimensionless spatial coordinates p fluid density
Re Reynolds number 17 hydrodynamic streamfunction

Rem magnetic Reynolds number 7 electric streamfunction
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Richardson number

Ri Ce electric conductivity

To reference temperature (o) dimensionless electric potential
dimensionless radial, azimuthal, axial .

Vy, Vg, Vz . Q angular velocity
velocity components

\'% dimensionless velocity vector Subscripts and superscripts

i functi for the st ti .. .

Xi cigentunctions fot the s reamfunction i,k orders from eigenvalue problems
expansion

Y elgenfunctlons for the fmmuthal B transformed quantities
velocity component expansion

1. INTRODUCTION efficient magnitude of the magnetic field)

One of the methods researchers implemented to
control or suppress the vortex breakdown is the use
of magnetohydrodynamics. The use of the uniform
magnetic field is known as a flow stabilizer. For
example, in the crystal growth process, the magnetic
field is used to control the flow in the melt, and
consequently, a good crystal quality is obtained
(Oreper et al. 1984). The continuous casting process
also uses the magnetic field to control the flow of the
steel and minimize defects in the final products
(Davidson et al.2001). In the tokamak idea, an
intense magnetic field is applied to retain the plasma
far off the reactor walls (Mahfoud et al. 2020). In
swirling flow in the cylinder container, an Ekman
boundary layer which describes the force balance
between the viscous and centrifugal forces forms
near the rotating disk. If the amplitude of the
magnetic field grows, the Hartmann layer represents
the electromagnetic forces that replace the Ekman
layer. The literature review on convection under an
external magnetic field confirmed that it can be used
for the control and stabilization of the fluid motion
(Mahfoud and Bessaih 2012, 2016. Mahfoud et al.
2016, 2019). Other (Bendjaghlouli et al. 2019a,
2019b) have discussed the problems of the rotating
fluid in containers with different geometry under an
external magnetic field. The effect of the electrical
conductivity of the walls on the fluid flow cannot be
neglected, as was investigated in the studies of
Kharicha et al. (2004, 2005). Some researchers have
studied the possibility to use a magnetic field to
control the behavior of the vortex breakdown and
stabilize the flow (Yu et al. 2013; Dash and Singh
2019). Laouari et al. (2021) have recently studied the
effects of the electrical conductivity of the wall on
the vortex breakdown position and its disappearance
in the different regimes. The results obtained be seen
that the vortex breakdown is eliminated after the
magnitude of the magnetic field surpasses a critical
value. A stability diagram corresponding to the
transition from the vortex zone to the no-vortex zone
for insulating and electrically conducting walls was
provided.

The present study uses the Generalized Integral
Transform Technique (GITT), which is a hybrid
method for solving linear or nonlinear diffusion and
convection-diffusion problems. This method has
been can be used for MHD fluid flow problems, as
reviewed in various sources (Lima ez a/. 2013; Matt
etal.2017).

In this paper, GITT approach is used to identify
critical Hartmann numbers, Hac (i.e, the most
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corresponding to removing both vortex breakdown
and fluid layers. Therefore, we present the limits that
correspond to the domain where layering does not
occur.

2. FLOW CONFIGURATION AND MODEL

2.1 Model

Electrically conducting fluid fills a cylindrical
container of radius R and height H which the value
of H/R for the case considered is equal to 1.5, 2.0,
and 2.5, respectively. The steady swirling flow is
supposed to be laminar, and incompressible. A
temperature difference (AT) is axially imposed (the
top disk is hotter than the bottom), whereas the
sidewall is supposed to be thermally insulated. The
entire system (fluid and solid walls) is subjected to
an external axial magnetic field, B (Bo e;) acting in
the z-direction. The rotating motion is generated by
the lower disk which rotates at a constant angular
velocity Q, while the upper disk is fixed. The
magnetic Reynolds number Re,, = uy 02R? « 1, ,
that measure the rapport of induction to magnetic
diffusion. In the specific problem, we can neglect the
magnetic field induction by comparing it with the
applied magnetic field. Also, in the absence of the
Hall force, the only effective force that remains is the
electromagnetic force of Lorentz. The sequent
assumptions are made: (i) the conducting fluids are
Newtonian;(ii) properties of fluids are constants and
appraised at the reference temperature; except the
density, which varies linearly with temperature in the
buoyancy term and 1is treated according to
Boussinesq’s approximation, (iii) Joule heating, and
viscous dissipation terms are neglected in the
following test. Similarly, (iv) the container walls are
electrically insulated, and (v) radiation heat transfer
is often ignored in the calculation.

2.2 Governing Equations and Boundary
Conditions

The flow is axisymmetric (06=0) where the model
is expressed in cylindrical coordinates (7, 6, z). The
governing magnetohydrodynamic mixed convection
equations are dimensionless by the following
quantities: the lengths R, the velocities QR, the
pressure p(QR)?%, temperature, @ = (T — Ty)/4Tand
electric potential, By2R2. Also, it should be
mentioned that only the steady flow is considered.
So, the dimensionless equations can be defined as:

lia(rv,)_*_%i

or oz M
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An electric current is induced by the interaction of
convective flow with the magnetic field,

J= O'e(E +V3<B) hence, the electric charges

become as E =-V®. Where V is the velocity vector
(Vr’ \’X Vz): Vi
azimuthal and axial velocity components,
respectively. The conservation of the induced

vg and v, for the radial,

electric current VJ =0 gives the electric potential:

2
ror\_ or o2 r or
The Lorentz force is given by F; = JXB , which are

in the 7, z, and 8 directions, respectively:

FLr ==V,
FLZ = (73)
oo
Lo :E—Vea

and the dimensionless electric currents are:

oo
J,=——+vV
r or 4
oo
Jz = _E (7b)
Jt9 ==V,

Equation (4) for the swirling velocity is decoupled in
this case from those of the other two velocity
components. It is, therefore, possible to use the
coupled equations for azimuthal velocity vy and
electric potential @ (Egs. (4) and (6)), to simplify the
calculations and without solving the potential
equation. For the present, the Hartmann number is
smaller than 35. So, it is possible to neglect the radial
gradient of electric potential in comparison to
azimuthal velocity (0@ /0r < vy), therefore Lorentz
forces in azimuthal direction become Fjy = —vq and

J,. = vy , respectively. Here the Hartmann number

Ha=ByR\Jo,/(vp), is the

electromagnetic force to the viscous force, the
Reynolds number, Re=QR?/v is the rapport of
inertial and viscous forces. The potential to kinetic
energy rapport is defined as the Richardson number

ratio of

Ri=pgAT / Q?R . Two other parameters control

the behavior of the flow: the aspect ratio /R and the
Prandtl number Pr=v/a. The symbolsp, v, B, a and
o, denote, respectively, the density, the kinematic
viscosity, the thermal expansion, the thermal
diffusivity, and electric conductivity.

In all walls, no-slip boundary conditions are
considered. The electrically insulated walls are
defined by canceling the normal electric current
density. Axi-symmetric boundary condition is
specified along the axis (r=0), see Table 1.

Table 1 Boundary conditions.

Bounda Radial Axial Azimuthal Temperature Electric

Y velocity, velocity velocity P potential
ov 00 oD

—0,0<z<H v, =0 —£=0 vg=0 —=0 —=

sz " or 0 or or

r=1,0<z<H v, =0 v, =0 vg=0 @=0 ai)=0
or or
oD

z=0,0<r<1 v, =0 v, =0 vg=0 O=-1/2 2 ="
z
oD

z=HR,0sr<1 | v, =0 v:=0 vg=0 0=1/2 = 0
z
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Fig.1. Flow geometry.

A streamfunction formulation is employed to
implement the GITT approach (Lima et al. 2013;
Matt et al. 2017; Quaresma et al. 2020). Before
starting with the integral transformation of Eqgs.(1)-
(5), the pressure field P must be eliminated in the
usual manner by defining the streamfunction

Y(r,z) as:

v o 1av ®

v
r sVz
r Oz r or

Then, subtract the equations resulting from the
differentiation of the Eqs. (2) and (3) to z and r,
respectively. Both the continuity and the definition
streamfunction equations are then used. Therefore,
it results in the following system of three fourth-
order and second-order partial differential equations
and it can be written as:
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With associated dimensionless boundary conditions

lim FJ(”)} =0, lim {a{“ﬂl(”)}} =
r—0 r r—0|or|r or
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a
w(tz)= 202 g 2002
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Operators 3%, 3* and V? are defined as:
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2.3. Solution Methodology

Three steps we need to follow in the GITT method
for solving the MHD mixed convection problem.
The first step is to provide the eigenvalues and
eigenfunctions by choosing an appropriate
eigenvalue problem. The definition of the integral
transform pair is the second step and finally the
integral transformation of Eqgs. (9) - (11). The details
of the GITT approach are given as follows, as an
extension to hybrid solutions already detailed in
reference (Quaresma et al. 2020 and Matt et
al.2017). Hence, the eigenfunctions, eigenvalues,
norms, and orthogonality properties for each
potential in this problem determined, as follows:

o Streamfunction

d4Xi(”) _Ed3Xi(”) "

ar* rooar
idel-(r)_iXm-(r)_
2 dr? P2 dr -

) ;[dzxi(r)_ldxi(r)} 19

! dr? rodr

lim {X’(r)} =0, lim {d[ld)(,(r)}} =0 (20)
r—0| r=0|dr|r dr

ax; (1)

X;(1)=0, -

-0 Q1)

The solution of the Egs. (19)«21) and the
transcendental equation to calculate the eigenvalues
y;’s are determined, as follows:

X-(r):rZ _ rJi(y;r)
l K (22)
Jz(yl-):O, fori=1,2,
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The orthogonality property of the eigenfunctions is
expressed as:

1
J’lXm(r) j(r)dr_{o, l.?':j 23)
rodr dr L, i=j
0
1
1 7/~2
L=|- = 24
J.r{ } 2 4
0
e Azimuthal velocity
1d le-(r) 1 2
——|r—=-|=-X|Y;(r)=0 25
rd;[r dr } (rz lj ,(r) (25)
Y;(0)=0, Y;(1)=0 (26)

For azimuthal velocity the eigenquantities are
expressed as:

Y;(r)= Si(4r) 5 (4)=0, for i=1,2,3, (27)
1 . .
J.rYi(r)Yj(r)dr—{j?/; l_¢] (28)
i 1=
0
1 JZ(%)
M, =| rv? =20
i Jorl (I")di" ) (29)
e Temperature
ld| dry(r)|, - _
rdr{r dr }+,u,-1ﬁi(r)—0 (30)
dr;(0) _o, dr;(1) o a1
dr dr

For temperature the eigenquantities are expressed
as:

Fi(r): Jo(#i”)a Jl(yi):O, for i=1,2,3, (32)
1
0, i#j
_[rfi(r)r_/(r)d“{Ni, i (33)
0
1 2
N; =-[rFlz(r)dr= 7o (Z#i) (34)

The second step in the methodology comprises the
definition of the integral transform pairs, which will
permit the integral transformation of the partial
differential equations in the streamfunction
formulation of the problem. Thus, taking the
following integral transform pairs for the potentials
(r,2) ,vg(r, z) and O(r, z), respectively, as:

1
__ij.i M ¥ (r,z)dr transform  (35)
L o dr| rdr

o0

D X (r)¥;(z), inverse

i=1

lI‘(r,z):

(36)
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V. (2) Mjr r)vg(r,z)dr, transform  (37)
0
= ZYi vg.i(z), inverse (38)
i=1
. 1
0;(z)= —J‘rFi(r)G)(r,z) dr, transform (39)
N; 0
O(r,z)= Zfi (r)®;(z), inverse (40)

i=1

The third step comprises the integral transformation
of Egs. (9) - (11) by multiplying these equations,
together with the boundary conditions, by .X; (r)/ r,
rY; (r) and 7 (r) , respectively. Then, integrating
over the domain [0,1] in the radial direction and the
inverse formulae are given by Egs. (36), (38) and
(40) are employed. After the usual manipulations, the
following nonlinear coupled ordinary differential
system (ODEs) is obtained for determining the
transformed potentials ¥, (z) , Vo.i(2) 0,(z),

respectively:
2 dM(z) A d*¥(z)
4, — DT, 27 Ti\7)
; voat 2 ( )+}/l dz*
00 29
Ha® A,.,.[d \Piz(z)} (1)
— dz
J=1
[ d¥, (z ]
X~ c d¥(z) d*¥(z)
55, ALK, |
Re j=1 k=1 B d3\yk(z)
Dy ¥(z) 72
0 oo B We,k(z) ‘ 0 _
DD Euve(2) - +RiY 8, (2)
Jj=1k=1 j=1
d*vy,
‘;HZ;(Z) =i Vg (2)+ Ha™Vg,;(z)+ (42)
Z ~ _ 4y dvy :(z) —
REZZ[GijkVO,j(Z) ;Z(Z) +Hjjk edjz() k(z)}
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— = 476,
dz* Hi ()
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RePrzz
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¥,(0)=0, di;(o) =0,
V0. (0)¥, (H /R) :7”"(‘111/1{) = (44)

(H/R)=—1—+=V,,(H/R)=0 (45)

(H/R) :% (46)

1
Ai]»:-[Xi(r)Xl(r)dr @7
s r
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T m0xe)
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X,(r) X5 (r) X
S LT -
0
1
by - 2 SO, .
0
1
Fy= [ 5i) 3 (r)ar (52)
0

The axial and radial velocities can be expressed in
terms of the transformed streamfunction by using the
definition of the streamfunction (Eq. (8)) and the
inverse transform, as follows:

o (rr)= 3 Xil0) 42 2) (59)

, r dz
i=1

—_

v.(r2) :,i, Xi()g () (59)

. dr
i=1

~

Also, via Eq. (2) the pressure field can be determined
by substituting the relations for the three velocity
components and then, performing an analytical
integration in the radial direction. The electric
current streamlines are traced using the electric
streamfunction y' (Bojarevics et a/.2009) defined as:

J. =1/rd¥ oz (60)

3. NUMERICAL METHOD AND
CONVERGENCE BEHAVIOR

The coupled system of ordinary differential
equations has been numerically solved with Fortran
subroutine double-precision, namely DBVPFD from
the IMSL Library (2018). The system of ordinary
differential equations with associate boundary
conditions can be solved by this subroutine at two
points using a finite difference method (variable
step-size) and variable order. The local relative error
10*1s maintained automatically in the present study.
It is known that the Roberts layers on the sidewall
and Hartmann layers near to walls normal are
influenced by increasing Hartmann number.
Especially, the growth of Ha induces thinner
Hartmann layers with (~ 1/Ha) thickness. An
attentive test of the convergence behavior of the
results exposes that some terms in the expansions of
Ny, No and Ne (Table 2) were adequate to guarantee
at minimum three converged significant digits for the
temperature and velocity field.

Table 2 Truncation orders of series.

Test
cases

0<Ha<10 | 10<Ha<20 | 20<Ha<35

Gpe= j K(r){n’-(r)ﬁ(r) :|Xk(r)d” (53)

Case A
Re=1500 | Nt=100 Nt=110 Nt= 120
H/R=1.5

Case B
Re=1855 | Nt=150 Nt =165 Nt= 180
H/R=2.0

Case C
Re=2400 | Nt=200 Nt =220 Nt =240

H/R=2.5

1
1
Hy == [ K7, (1) X () (54)
"o
.
Ty ZEIFi(’)ﬁ}(’)Xk(r)dr’ (53)
"o
1
Ty == [ L)) X () (56)
"o

1
J.rl"l-(r)dr 57
0
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The results reported in Table 3 for the
streamfunction, temperature, and azimuthal velocity
were computed for equal truncation orders
Nt=Ny=No=Ne. For three cases (A, B and C), the
convergence of the GITT solution is analyzed for the
values of the dimensionless streamfunction,
azimuthal velocity, and temperature at the



B. Mahfoud / JAFM, Vol. 14, No. 6, pp. 1741-1753, 2021.

Table 3 Convergence of solution for the values of dimensionless streamfunction azimuthal velocity and
temperature at monitoring point (r=0.5, z=1.0)

Case A (Case B Re=1500, H/R=1.5)
Ha=0 Ha=15 Ha=25
Nt 7 (C] Vo Nt 7 (C] Vo Nt 7 0 Vo
80 3 .26e-5 | 0.1505 | 0.0301 | 90 0.00029 | 0.1588 0.1105 100 | 0.000381 0.1601 | 0.1580
100 | 3 .4le-5 | 0.1576 | 0.0332 | 110 | 0.00032 | 0.1649 0.1161 120 | 0.000397 | 0.1698 | 0.1592
120 | 3 4le-5 | 0.1577 | 0.0335 | 130 | 0.00032 | 0.1649 0.1164 | 140 | 0.000397 | 0.1699 | 0.1592
Case B (Case B Re=1855, H/R=2.0)
Ha=0 Ha=15 Ha=25
Nt |y 0 Vg Nt i 0 \7) Nt \ (C) \7)
140 | 1.76e-5| -0.0202 | 0.0601 155 | 0.00028 | -0.0144 | 0.1126 | 170 | 0.000329 | 0.0029 | 0.1594
150 | 1.77e-5] -0.0206 | 0.0612 165 | 0.00029 | -0.0145 | 0.1131 180 | 0.000333 0.0031 | 0.1604
160 | 1.77e-5| -0.0206 | 0.0613 175 | 0.00029 | -0.0145 | 0.1131 190 | 0.000333 0.0031 | 0.1605
Case C (Re=2400, H/R=2.5)
Ha=0 Ha=15 Ha=25
Nt 1 ® \7 Nt ] ® Vg Nt 7 (C] Vo
190 | 5.15e-6 | -0.1151 | 0.0663 | 210 | 0.00026 | -0.1186 | 0.1167 | 230 | 0.000255 -0.1092 | 0.1265
200 | 5.32e-6 | -0.1176 | 0.0686 | 220 | 0.00028 | -0.1198 | 0.1168 | 240 | 0.000260 | -0.1173 | 0.1280
220 | 5.33e-6 | -0.1177 | 0.0688 | 230 | 0.00029 | -0.1198 | 0.1169 | 250 | 0.000264 | -0.1172 | 0.1285

monitoring point (r=0.5; z=1.0). Table 3 reports the
numerical results obtained when Ri =1.0 and Pr
=0.65, for increasing truncation order Nt,
respectively, for Ha = 0, Ha=15 and Ha = 25,
respectively. Truncation orders are increased up to
10 for the higher Hartmann number to attain
convergence.

4. RESULTS AND DISCUSSION

First, these results obtained are validated with the
results found in the literature. The reproduction of
the hydrodynamic streamfunction (¥) and electric
one (¥') for the case of Re=1750 and Ha=5 are
shown in Fig.2. This reproduction is compared to the
previous numerical model of Kharicha et al. (2004)
who carried out a numerical and experimental
combined study of steady laminar flow in a
cylindrical cavity filled with mercury under a
constant applied magnetic field

Fig. 2. Validation of the present results (right)
against the numerical result of Kharicha ez al.
(2004) (left).

It is well known that the action of the axial magnetic
field results in the stabilization of the flow (turbulent
to laminar) or (asymmetric to axisymmetric). The
cylinder is electrically insulated so that the electric
current lines remain inside, which affects the

movement and dampens the flow of the fluid
especially the axial velocity. The Hartmann layers
play the role of thermal insulation and favor the
conduction, which in turn reduces the rate of heat
transfer (Mahfoud and Bessaih, 2016). The influence
of a magnetic field on the vortex breakdown is well
known from the recent of Laouari et al.(2021).
However, the electromagnetic force reducing the
pressure gradient and damping the axial movement
of fluid, which tends to suppress the small vortex
(counter-rotating flow). Magnetic field amplitude
plays an important role when exceeds a certain value
noted by the critical number of Hartmann (Hacr), at
this critical point the vortex breakdown disappears.

In this study, the computations were performed for
three Prandtl numbers, Pr = {0.025, 0.032, 0.065},
for Hartmann numbers Ha <35. Three combinations
of aspect ratios and Reynolds numbers (case A:
Re=1500, H/R=1.5); (case B: Re=1855, H/R=2.0)
and (case C: Re=2400, H/R=2.5) are compared.
These cases corresponding to three forms of steady-
state vortex breakdown. The Richardson number
used in the simulation covers the range of 0 <Ri <2.0.
In the following sections, the magnetic field effects
on the vortex breakdown and fluid layers are
explored for each of these three cases.

4.1 Magnetic Effect on Vortex Breakdown

To investigate both position and suppression of the
vortex hydrodynamic breakdown under a magnetic
field we focus on the combination (C: Re=2400 and
H/R=2.5) mentioned above. In Ri=0, the forced
convection is dominant and the flow structure is
characterized by two bubbles merged to form a
‘cucumber’ bubble at Ha=1. The hydrodynamic
streamlines confirm that the cucumber bubble
disappears at Ha=10 and is given one-separation-
bubble (Fig. 4b). After that, the size of the
hydrodynamic vortex drops slowly when the Ha is
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Fig. 3. Hydrodynamic streamlines (¥) and electric current streamlines (¥') with increasing Hartmann
number at Re =2400, Ri=0 and H/R=2.5.
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Fig. 4. Case of Ri= 0 at three cases (A, B and C):
(a) hydrodynamic vortex diameter versus Ha
(b) The hydrodynamic (?) and electric current
(?") versus Ha.

increased up to Ha=15 and disappears at Ha=18, see
the first line of Fig. 4(d). The maximum stream

function increase with increasing Ha and is 0.0077 at
Hac=18 and the minimum is zero value, which
corresponds to the quasi-rigid rotation with an
intermediate velocity. The dimensionless length of
the vortex breakdown along the z-axis diminishes
when Ha=1.0, 10, and 15 which is about 1.05, 0.95,
and 0.58, respectively. Finally, the hydrodynamic
vortex disappears for the critical Hartmann number
(Hacr=18).

The second line of Fig. 3 shows the induced electric
current lines, which show the existence of an
electromagnetic vortex breakdown (Mahfoud et al.
2019). It seems that both hydrodynamic and
electromagnetic vortices are connected because the
disappearance of these two vortices is at the same
critical Hartmann number (in this case Hax=18). The
origin of the creation of electric vortex is joint to the
Lorentz forces in azimuthal direction ( F}4 =~ —vy )

result from the vector product between the radial
electric current, J, and the axial magnetic field,
Boe,. For case (C), the electric vortex appears
immediately for Ha= 1.0, and the second separation
bubble was found which is separated with a length 0.8
along the z-axis. There is only one electric vortex for
Ha =10 and its length along with the z-axis contracts
in size at Ha = 15 and is about 0.3. Finally, the
electric vortex disappears when Hau=18. The
maximum of electric current streamlines diminishes
with increasing Ha and is 0.00823 and 0.0079 for
Ha=1.0 and Ha=18, respectively, contrary to the
hydrodynamic streamlines where the maximum
value increase with increasing Ha.

Figure 4a gives the evolution of the dimensionless
diameters of the hydrodynamic vortex breakdowns
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Fig. 5. Iso-contours of the stream function ¥ when Pr = 0.065 and Ri=1 for (a) Ha =0, (b) Ha=10,
(¢) Ha=15, (d) Ha=20, (e) Hacr.

as a function of the Hartmann number for all three
cases (A, B, and C). In case A, the length of the
diameter decrease with increasing Ha and is about
0.38 and 0.28 at Ha=0 and 5, respectively. For Ha =
10, the dimensionless diameter is zero and the vortex
disappears completely. For cases, B and C the
dimensionless diameters of the hydrodynamic vortex
are gradually decreased with increasing Ha and
record almost the same value for both cases up to Ha
= 10. For cases B and C the hydrodynamic vortex
disappears when the Hartmann number is more than
15 and 18, respectively. Note that both the
hydrodynamic and electric vortex breakdowns
disappear at the same Hartmann number for all three
cases mentioned above.

In Fig. 4b the curves showing, the maximum
hydrodynamic streamlines (¥) and electric current
streamlines (¥") for three cases (A, B, and C). The
solid line presents the increasing of the maximum
value of hydrodynamic streamlines (¥) with
increasing Ha for all three cases. On the contrary, the
dashed lines represent the decreasing of the
maximum value of electric streamlines (¥') with
increasing Ha for all three cases. This behavior
proves that hydrodynamics and electric vortices
seem to have an identical cause.

4.2. Magnetic Effect on Fluid Layers

To investigate the effects of the axial magnetic field
on the layering (i.e., location or suppression), taking,
for example, the case of Pr==0.065 and Ri=1.0 at
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three cases mentioned above (i.e. case A, B, and C,
respectively). The hydrodynamic streamline plots in
the case of Ri=1 at Ha=0 show a double layer, which
the top layer, has a double lobe structure (plot in (A)
of Fig. 5a). Some interesting changes are observed in
the fluid layers when Ha is increased. As clearly
shown by the streamlines on the first line of Fig. 5b,
the clockwise recirculation top region diminishes in
size and moves toward the sidewall when Ha = 10.
On the contrary, the counterclockwise recirculation
zone grows in size until it takes the entire top section
of the cylinder. In addition, the maximum stream
function decrease with increasing Ha and is 0.0067
and 0.0065 for Ha=0 and Ha = 10, respectively. The
small toroidal vortex decreases in size and then
disappears at Has= 24. The r-central position of the
small toroidal region rises with increasing Ha and, on
the contrary, the z-central diminishes slightly. The
central positions are at z=0.80, 0.77, and 0.76 for Ha
=10, 15 and 20, respectively. Similarly, on the r-axis
are at |r| = 0.78, 0.83, and 0.91 for Ha = 10, 15, and
20, respectively (plot in (A) of Fig.5). When Ha=24
at Ri =1, the flow is characterized by a single layer
in  which the maximum streamfunction is
Ymax=0.0055.

As to case B shown in Fig 5, four layers occur at
Ha=0 in the same state (i.e, Pr=0.065, and Ri=1).
The plots of streamline for Ha= 10, show only two
layers. The length along the z-axis of the clockwise
toroidal vortex above z=1 is become narrow and is
about 0.47. Another clockwise toroidal vortex exists
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below, which has a smaller size than the toroidal
vortex that occurs above. The streamlines for Ha=15
clearly show the small toroidal vortex above z=1
decreases in size further and disappear at Ha = 20,
but the vortex located under z=1 always resists up to
Ha=26. Finally, the behavior of the flow is
characterized by a single layer at Ha,=26 in which
the maximum stream function decrease to 0.0053.

The effect of increasing Ha is distinctly seen in Fig.
5 at case C with Ri =1 and Pr=0.065. For Ha=0, six
layers are observed, these layers begin to disappear
as Ha rises to 10 and becomes only 3 layers. At
Ha=15 the clockwise toroidal vortex above z=1
divides into two cells. The size of the toroidal vortex
above z=1 decreases with increasing Ha and
disappear at Ha=22, which gives a two-cell flow
pattern. As clearly shown by the streamlines on the
third line of Fig. 5e, the small toroidal vortex located
under z=1 decreases in size when Ha=25 and
disappears at Has= 30. The z-central location of this
vortex rises with increasing Ha and, on the contrary,
the absolute value of the r-central also decreasing.

For more details of the magnetic field effect on the
suppression of fluid layers, taking the case C
(Re=2400, H/R=2.5) and Ri=2 for Pr=0.025 (top),
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Pr=0.032 (middle), Pr=0.065(bottom) which is
plotted in Fig.6. The streamline plots in the first line
of Fig.6 show the case of Pr=0.025, which has five
layers when Ha=0. These layers merge and diminish
in number which becomes four layers at H=5, three
at Ha=10, and two layers at Ha=20. Finally, only one
layer stays when Hacr = 26. Also, the maximum
stream function decrease with increasing Ha and is
0.0056 and 0.0049 for Ha=0 and Hac = 26,
respectively. This behavior is in contrast to the
isothermal cases (Ri=0) in which a rise in the
maximum stream function can be observed because
these layers seem to play the role of insulation.

Six layers are observed when Pr=0.032 and Ha=0
(plot in the second line of Fig. 6a). Some layers
disappear with increasing Ha which has become four
layers at H = 5, three at Ha = 10, and two layers at
Ha = 20. The transition to a single layer structure
occurs at the critical point Hae=28. The maximum
stream function decrease with increasing Ha and is
0.0047 when Hac-28.

Contrary to the previous cases (Pr=0.025 and
Pr=0.026), it can be seen from the streamlines plotted
in the third line of Fig.6 that the number of fluid
layers is decreased in the case of Pr=0.065 which is
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Fig.7. Evolution of Ha.r versus Ri for which shows the limits of the transition from the
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four layers when Ha=0. The observation is almost the
same as the previous cases in which four layers at
H =35, three at Ha = 10, and two layers at Ha =20 are
observed. For Hac = 35, the fluid which is
characterized by a single layer rotates as a single
block (¥min = 0). ¥max = 0.004 when Hacr= 35 is
the lowest value among the other critical values of
the previous cases (i.e. Pr=0.025 and Pr = 0.032).

The diagram in the (Hac—Ri) plane for all three cases
when Pr=0.065 presented in Fig. 7a gives the
evolution of critical Hartmann number Hacr, for
which the stratified layers disappear versus the
Reynolds number, Ri. There are three separate
curves, represent the limits of two-zone, i.e., the
domains with and without stratification fluid layers
could be observed. The blue curve with stars symbols
in Fig. 7a represents the boundary for multiple layers
zone and the one layer zone for case A. The red curve
with open circle symbols in Fig. 7a represents the
critical Hartmann number for case B which the
stratification fluid layers are suppressed and replaced
by one layer. For case C, the threshold of transition
from the multiple layers zone to the one layer zone is
plotted by the black curve with square symbols. In
all cases, we have seen that the increase of the Ri
causes the increase of the Hacr . Also, increasing Ha
removes the fluid layers at a constant value of Ri (the
layering disappears after the amplitude of Ha goes
beyond a critical value). An exponential increase is
indicated in the curves plotted in Fig. 7a. The
magnitudes of Ha for case C are greater than those
obtained in the cases of A and B for a fixed
Richardson number. Taking Ri= 1.0 for example, the
magnitudes of the critical Hartmann number are
Ha=23, 25, and 30 for cases A, B, and C,
respectively.

Diagram, as shown in Fig. 7b, gives the evolution of
transition from the multiple layers zone to the one
layer zone for case A and Prandtl numbers given by
Pr=0.025, 0.032, and 0.065, respectively. The zone
above the black curve with square symbols
consisting of one layer appears at Pr=0.025 for the
values of the critical Hartmann number Hae: = 14, 19,
and 26 correspondings respectively to the values of
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the Ri = 0.5, 1.0, and 2.0. We have seen that the
critical Hartmann number evolves with increasing
Ri. On the other hand, Hac rises with increasing Pr
for a fixed value of Ri. Therefore, the values of Hacr
for case Pr=0.065 are greater than those obtained in
the cases of Pr=0.025 and Pr=0.032). It is observed
that the divergence between the two curves
(Pr=0.065 and Pr=0.032) increases when Ri
increases. By contrast, it can be seen from Fig. 7b
that the divergence between curves Pr=0.032 and
Pr=0.025 is constant.

Figure 8a shows the influence of the magnetic field
on the number of fluid layers and compares the three
cases (A, B, and C) mentioned above when Pr=0.065
and Ri=1.0.. The decrease in the curves as shown in
Fig.8a indicates that increasing Ha has an important
influence on the number of fluid layers formed.
Therefore, the number of fluid layers decreases with
increasing Ha for three cases. However, overall Ha
has a non-monotonic effect on flow structure,
because at Ha=15 for case C it leading to a slight
peak in the number of layers formed, here we have
four layers. This result demonstrates that the axial
magnetic field and thermal gradients can control the
swirling flow and have the potential to reduce the
stratification layers formed.

Figure 8b compares the decreasing of the number of
fluid layers with increasing Ha in case C for
Pr=0.025, 0.023, and 0.065 respectively. For Ha=0
we have six layers for Pr=0.032, five layers for
Pr=0.025, and four layers for Pr=0065. Over the
range of 5 < Ha <25, the decrease in the number of
layers is the same for these three fluids. The flow is
characterized by a single layer when Ha = 26, 28 and
35 for Pr=0.025, 0.032 and 0.065, respectively.
Consequently, the Prandtl Number affects an
increase or decrease in the number of resulting
layers.

5. CONCLUSION

The effects of the magnetic field on laminar vortex
breakdown and fluid layers development in steady-
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state mixed convection in cylindrical containers
filled with a conducting viscous fluid with a bottom
rotating disk have been numerically analyzed. The
generalized integral transform technique (GITT)
approach with a streamfunction formulation has been
used to capture the different vortex breakdown in the
isothermal case and the stratified layers under the
temperature  stratification  condition. Three
configurations of Reynolds numbers and aspect
ratios and three Prandtl numbers were studied here.
The main results obtained are as follows:

In the isothermal case, it was shown that the
magnetic field can be used to control the
position of both hydrodynamic and electric
vortex breakdown and suppressed them at a
critical value.

It looks that the suppression of both hydrodynamic
and electric vortex is correlated with the same
cause.

The Prandtl number and combination of (Reynolds
number/aspect ratio) play an important role in
the formation of fluid layers.

The results show that the increase of Ha causes a
decrease in the number of fluid layers.

The present result shows that Hace (the transition
from multiple fluid layers to one fluid layer)
evolves with increasing Ri.

Finally, it should be mentioned that it is possible to
solve the electric potential equation coupled
with the momentum and energy equations.
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