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ABSTRACT

This paper deals with a numerical simulation of natural convection flows in a prismatic cavity. This configuration
represents solar energy collectors, conventional attic spaces of greenhouses and buildings with pitched roofs. The
third dimension of the cavity is considered long enough for the flow to be considered 2D. The base is submitted to a
uniform heat flux, the two top inclined walls are symmetrically cooled and the two vertical walls are assumed to be
perfect thermal insulators. The aim of the study is to examine the thermal exchange by natural convection and effects
of buoyancy forces on flow structure. The study provides useful information on the flow structure sensitivity to the
governing parameters, the Rayleigh number (Ra) and the aspect ratio of the cavity. The hydrodynamic and thermal
fields, the local Nusselt number, the temperature profile at the bottom and at the center of the cavity are investigated
for a large range of Ra. The effect of the aspect ratio is examined for different values of Ra. Based on the authors’
knowledge, no previous results on natural convection in this geometry exist.
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NOMENCLATURE

a thermal diffusivity, a=K/(r CP)
Aw  aspect ratio, Aw=W/H
CP specific isobaric heat capacity
g gravitational acceleration
H height of inclined walls
H’ dimensionless height of inclined walls
K thermal conductivity
Nu Nusselt number
p pressure
P  dimensionless pressure
Pr Prandtl number
q thermal flux density

Ra Rayleigh number, Ra=g.b.q.H4/ (K.a.n)
U, V dimensionless velocity components in the X

and Y directions
I   W height of vertical walls

X,Y    horizontal and vertical dimensionless
coordinates

a inclination angle of roofs, 60a = °
b      coefficient of volumetric thermal expansion
r         fluid density
n         kinematic viscosity
q         dimensionless temperature

1. INTRODUCTION

Natural convection heat transfer and fluid flow in
enclosed spaces has been studied extensively in recent
years in response to energy-related applications, such as
thermal insulation of buildings using air gaps, solar
energy collectors, furnaces and fire control in buildings
and so on. The enclosures encountered in these
applications are highly diverse in their geometrical
configuration and the most investigated enclosures
include the annulus between horizontal cylinders, the
spherical annulus, the hollow horizontal cylinder, the

closed rectangular cavity and the closed triangular
cavity.

A review of the literature on natural convection in
isosceles triangular cavities shows that this
configuration was the object of numerous experimental
and numerical studies. Earlier, the flow and temperature
patterns, local wall heat fluxes and mean heat flux rates
were measured experimentally by Flack (1979, 1980) in
isosceles triangular cavities with three different aspect
ratios. The cavities, filled with air, were heated/cooled
from the base and cooled/ heated from the inclined
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walls covering a wide range of Grashof numbers.
Asan and Namli (2000) conducted a numerical study of
laminar natural convection in a pitched roof of
triangular cross-section considering an adiabatic mid-
plane wall condition in their numerical procedure. Only
summertime conditions were considered over wide
ranges of both Ra and the height-based aspect ratio.
Their results showed that most of the heat exchange
takes place near the intersection of the active walls. In
another study (2001), they examined the laminar natural
convection heat transfer in triangular-shaped roofs with
different inclination angles and Ra values in winter day.
They indicated that both aspect ratio and Ra affect the
temperature and flow field. They also found that heat
transfer decreases with the increasing of aspect ratio.
The finite-element method was used by
Holtzman et al. (2000) to model the complete isosceles
triangular cavity without claiming cavity symmetry. A
heated base and symmetrically-cooled inclined walls
were considered as thermal boundary conditions for
various aspect ratios and Grashof numbers. The
performed experiment consisted in a flow visualization
study to validate the existence of symmetry-breaking
bifurcations in one cavity of fixed aspect ratio. This
anomalous bifurcation phenomenon was intensified by
gradually increasing the Grashof number. The main
conclusion reached was that, for identical isosceles
triangular cavities engaging symmetrical and non-
symmetrical assumptions, the differences in terms of
mean Nusselt number were around 5%.
Ridouane and Campo (2005) generated experimentally-
based correlations for the reliable characterization of
the center plane temperature and the mean convective
coefficient in isosceles triangular cavities filled with air.
The experimental data were gathered from various
sources for various aspect ratios and Grashof numbers.
Omri et al. (2005) studied laminar natural convection in
a triangular cavity with isothermal upper sidewalls and
with a uniform continuous heat flux at the bottom. The
study showed that the flow structure and the heat
transfer are sensitive to the cavity shape and to Ra. An
optimum tilt angle was determined corresponding to a
minimum of the Nusselt number and for a maximum of
the temperature at the bottom center. Many
recirculation zones can occur making homogeneous the
thermal field in the core of the cavity.
Hajri et al. (2007) studied double-diffusive natural
convection in a triangular cavity. The main conclusion
drawn in their paper was that the buoyancy ratio and the
Lewis number values have a profound influence on the
thermal, concentration and dynamic fields. Results
show  that,  for  the  small  values  of  the  buoyancy  ratio,
there is little increase in the heat and mass transfer over
that due to conduction. For higher values, the
convective mode dominates.

In the study of Varol et al. (2007), buoyancy-induced
natural convection is investigated with a numerical
technique in Gambrel roofs. The geometry was adapted
to both winter day conditions (the bottom is heated
while top is cooled = case I) and summer day
conditions (the bottom is cooled and inclined top wall is
heated = case II). They indicated that for a higher value
of Ra, namely Ra=4.105, Nusselt number value
increases. They also found that heat transfer is better in

the winterlike boundary conditions than in the
summerlike ones due to the mechanism of natural
convection. In another study (2007), they examined
natural convection in triangular enclosures with
protruding isothermal heater.  To obtain better heat
removal from the heater, a higher aspect ratio must be
chosen and the heater must be located to the center of
the bottom. Hakan et al. (2007) examined steady
natural convection heat transfer and flow field inside
the shed roof with and without eave in summer day
boundary conditions. The study showed that heat
transfer increases with the increasing of Ra. However,
due to conduction dominant regime, heat transfer
becomes constant for lower values of Ra. Multiple
circulation cells were obtained at the highest Ra. They
also found that a decrease on eave length increases the
heat transfer from the inclined wall to bottom. General
observation shows that heat transfer is increased with
the increase in the aspect ratio. Conduction heat transfer
becomes dominant at the smallest aspect ratio for all
eave lengths. Koca et al. (2007) investigated the effects
of Prandtl number on natural convection heat transfer
and fluid flow in a partially-heated triangular enclosure.
The main conclusion drawn in this paper was that heat
transfer increases with the increasing of heater length
and  Ra.  They  also  found  that  higher  heat  transfer  is
obtained when the heater is located near the right corner
of the triangular enclosure and, for all cases of heater
length, a decrease of Prandtl number decreases the heat
transfer. In the work of Karyakin (1989) natural
convection in horizontal prismatic enclosures of
arbitrary cross-section was investigated. It was found
that the maximum values of the stream function and
Nusselt number may accomplish damping oscillations
about their stationary values.

The present paper’s interest lies in studying the natural
convection flow in a prismatic cavity with a bottom
submitted to a uniform heat flux, two top inclined walls
symmetrically-cooled and two vertical walls assumed to
be adiabatic. The work has been motivated by the heat
transfer problem associated with roof-type solar still
and various other engineering structures. The
paramount aim has been to obtain the various heat and
flow parameters for such enclosures as described above.
Results are presented for the steady laminar-flow
regime; all the fluid properties are constant except for
the density variation which was determined according
to the Boussinesq approximation. Velocity-pressure
formulation was applied without pressure correction.
The entire physical domain is taken into consideration
for the computations and no symmetry plane is
assumed. This step is necessary for the present problem
because, as demonstrated experimentally by Holtzman
et al. (2000) for the laminar regime analysis, a pitchfork
bifurcation occurs at a critical Grashof number above
which the symmetric solutions become unstable and
finite perturbations and asymmetric solutions are
instead obtained.

2. ANALYSIS AND NUMERICAL METHOD

Figure  1 indicates the schematic diagram for the used
configuration and geometrical details. The model
considered here is a symmetrical room submitted to
different boundary conditions.
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Fig. 1. Schematic of an air-filled prismatic cavity

An enclosure is composed by the juxtaposition of an
upper prismatic space and a lower rectangular cavity.
The bottom is exposed to a uniform heat flux q while
the inclined walls are maintained at a constant
temperature TC and the vertical walls are insulated.
Using the primitive formulation (U,V,P), the governing
equations for two-dimensional, laminar incompressible
buoyancy-induced flows with Boussinesq
approximation and constant fluid properties in a non-
dimensional velocity-pressure form are:

0U V
X Y
¶ ¶

+ =
¶ ¶

                                                              (1)

2 2

2 2

U U P U UU V
X Y X X Y

é ù¶ ¶ ¶ ¶ ¶
+ = - + +ê ú¶ ¶ ¶ ¶ ¶ë û

                       (2)

2 2

2 2 Pr
V V P V V RaU V
X Y Y X Y

q
é ù¶ ¶ ¶ ¶ ¶

+ = - + + +ê ú¶ ¶ ¶ ¶ ¶ë û
             (3)

2 2

2 2

1
Pr

U V
X Y X Y
q q q qé ù¶ ¶ ¶ ¶
+ = +ê ú¶ ¶ ¶ ¶ë û

                                (4)

where U and V are, respectively, the velocity
components in the X and Y direction; P is the
dimensionless pressure and q  is the dimensionless
temperature.
In the generated set, the temperature is normalized as:
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. The dimensionless height of the triangular

part  is  therefore  equal  to  unity  (H’ = 1) and the
dimensionless width of the bottom is:

2
tan( )

=L
a

where q is the value of the thermal flux at the bottom;
60= °a  is  the inclination angle of roof and n   is  the

kinematical viscosity.

A Control Volume Finite Elements Method (Omri
2000; Baliga 1978) is used in this computation. The
domain of interest is divided in triangular elements and

a polygonal volume is constructed around each node by
joining the element’s centre with the middle of its sides.
The set of governing equations is integrated over the
control volume with use of an exponential interpolation
in the mean flow direction and a linear interpolation in
the transversal direction inside the finite element. The
SIMPLEC  algorithm  is  used  for  the  treatment  of
pressure–velocity coupling. The set of algebraic
equations is solved using successive under relaxation
(SUR) technique and 0.1 is taken as under relaxation
parameter.

Fig. 2. Local Nusselt profile over the bottom
surface for different numbers of meshes at Ra=106

The  convergence  of  the  local  Nusselt  number  at  the
heated surface with grid refinement is shown in Fig.  2
at  Ra  =  106.  It  is  observed  that,  for  an  aspect  ratio
Aw=0.25, grid independence is achieved with a 81 x 51
grid beyond which there is insignificant change in Nu.

For an aspect ratio Aw=0.5, a proportionately larger
number of grid in the y-direction is used while keeping
the number of grids in the x-direction fixed at 81.
Solutions were assumed to converge when the
following convergence criterion was satisfied for every
variable at every point in the solution Domain.

4

max

10new oldj j
j

--
£

where j  represents U, V, P and q .

The object of this paper is to report results relevant to
steady natural convection in a prismatic cavity for the
range 3 610 10£ £Ra  .  The aspect  ratio Aw= W/H takes
two values 0.25 and 0.5.

This study is a first part of a research in which we want
to understand the 2D dynamics and we have already
proceeded to compute 3D flows.

2.1 The Non-Dimensional Boundary
Conditions

The solution must satisfy dimensionless boundary
conditions which are as follows:

-  At the cover walls: U = 0, V = 0 and 0=q .

-  At the vertical walls: U = 0, V = 0 and 0=
d
dn
q .
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- At the heated horizontal bottom, an external

dimensionless thermal flux density 1d
dY
q
= -  is

considered with U =  0, V = 0. The boundary

condition 1d
dY
q
= -  at  the  bottom  wall  arises  as  a

consequence of constant heat flux q boundary
condition.

The transported energy across the inclined walls is
expressed in terms of local and mean Nusselt numbers.
The local Nusselt number can be obtained from
gradients of temperatures according to the following
relationship:

= -X
dNu
dn
q

where n is the outward drawn normal of the surface.

2.2 Validation

To validate the numerical analysis, this code is used in
the same geometry, with the same boundary conditions
used in Volker et al. (1989).  This  geometry  is  an
equilateral triangular cavity heated from below and
cooled at the inclined walls. The profile of the local Nu
at the bottom in the present study and in
Volker et al. (1989) is compared for Ra=105 and
satisfactory agreement was observed as shown in Fig. 3.
The same code was tested against the results obtained
by Tzeng et al. (2005) by comparing the local Nusselt
number for Ra=2772 with right-angle triangular
enclosure. Excellent agreement was observed as
reported in Fig. 4.

Fig. 3. Comparison of results of local Nusselt
number on the bottom wall of a triangular cavity

      Fig. 4. Comparison of results of local Nusselt
number for right-angle triangular enclosure

3. RESULTS AND DISCUSSION

3.1 Rayleigh Number Effect

3.1.1 Dynamic Field
A numerical study was performed to analyze the natural
convection heat transfer in a prismatic cavity with
different values of Ra.  The results  shown in Fig.  5 are
investigated for particular aspect ratio Aw= 0.25.
Prandtl number is taken as 0.71 which corresponds to
air. Obviously, the streamlines patterns point out that
the  flow loses  the  symmetrical  structure  for  higher  Ra
values. It can be observed that two recirculation cells
grow in size by increasing Ra. The left cell rotates in
the anticlockwise direction and the other cell rotates in
the clockwise orientation. The streamlines become tight
at the mid-plane indicating that the warmed fluid is
well-accelerated when buoyancy effects are stronger.
This is demonstrated by Fig. 6 which gives the vertical
velocity component profile and shows that the fluid is
pushed upward in the central part of the cavity and is
more accelerated at high Ra values.

Fig. 6. Vertical velocity component profile at
X=0.57 (the middle) for Aw=0.25;

Ra=103; 104; 3.104; 7.104
; 105

Figure 7 depicts the profiles of the velocity component
along the bottom of the triangular part. Thus, powerful
buoyancy forces disturb stagnant zones but one warms
more than the other. The awakened fluid, in the corner
being warmed, contributes to the convective effect
aiding the opposite cell which sucks it up. The other
cell is then reduced and takes a secondary extent. It can
be  seen  that  by  increasing  Ra,  the  vertical  velocity
profiles lose their symmetry and attain high magnitudes
in the central region. This high velocity moves warm air
from the bottom following an oblique path toward the
vicinity of the cold wall, where it undergoes deviation
around each vortex area.

3.1.2 Thermal Field
Figure  8 represents the temperature profile along the
bottom and Fig. 9 depicts the temperature profile at the
middle.  As  it  can  be  seen,  the  middle  of  the  plate  is
more warmed. In this region, the temperature decreases
with Ra values, but it remains highest at the plate.
However, the recirculation zones enlarged by buoyancy
forces mixes well the cold fluid and the arisen fluid
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from the bottom. We have to notice that, in a cavity still
receiving a uniform heat flux, the bottom is not
isothermal. This is in agreement with the thermal field
structures illustrated in Fig. 10.  For  small  Ra  values
( 410£Ra ), the temperature distribution is almost the
same as in the pure conduction case. However, for
( 410>Ra ), the natural convection effect is dominant at
the expense of conduction and a temperature inversion
appears in the enclosure.

Fig. 7. Velocity components profiles along the
bottom of the triangular part: horizontal

component (up); vertical component (down).

3.1.3 Local Nusselt Number
As an example, the local Nusselt number variation
across the inclined walls for an aspect ratio of 0.25 and
different Ra values is shown in Fig. 11.  As  it  can  be
noticed, the local Nusselt number increases to definite
value at the intersection (X=0 and X=1.14) of cold
inclined walls and adiabatic walls which are heated
more.

The high values of Nusselt number near the intersection
give an indication that a given region within the
neighborhood of this intersection accounts for more
than a proportionate amount of heat transported across
the inclined walls.

For a given Ra, it can be seen that the Nusselt number
admits a minimum at the upper summit (X=0.57).  This
result had been expected because in this region the fluid
is stagnant and there is no meaningful heat transfer
across this section. Then, an increase in the amount of

heat transfer is noticed when the Nusselt number
reaches a secondary maxima around X=0.28 and
X=0.89 that correspond to the mid-heights of the two
inclined walls. This is the region reached by the heated
fluid pushed upward from the bottom.

3.2 Aspect Ratio Effect
To  study  the  effect  of  the  aspect  ratio  on  the  flow
structure and thermal field, we have increased Aw= W/H
from 0.25 to reach the value of 0.5.

Figure 12 represents  series  of  streamlines  patterns  for
Ra of 103, 104, 105 and 106, Prandtl number of 0.71, and
dimension ratios of 0.25 and 0.5. As it can be seen, for
small Rayleigh number ( 410£Ra ), the streamlines
patterns are almost the same for the two aspect ratios:
two counter-rotating vortices are present in the
enclosure and the eye of each vortex is located at the
center of the half of the cross-section. However, the
fluid volume becomes more important by increasing the
cavity aspect ratio and the two cells grow in size. As the
Ra is increased ( 510=Ra ), the eye of each vortex
moves towards to the right adiabatic wall for Aw= 0.25,
but the two cells remain near the bottom. However, for
Aw= 0.5,  the left  cell  becomes the main vortex of high
strength  and  large  size.  The  right  one  becomes  a
secondary vortex of small size located near the top
corner of the enclosure. This increase in Ra causes
more strong cross-sectional flows. Further increase in
the value of Ra ( 610=Ra ) causes secondary vortex to
develop on the left corner of the enlarged enclosure
(Aw= 0.5). Due to the large value of the Ra and the
increasing of the aspect ratio, the structure of the flow is
not symmetrical and justifies the opting for the
computation of the entire physical domain. The newly-
developed secondary vortex pushes the eye of the
primary vortex further towards the right vertical wall.
The cells’ multiplicity homogenizes the thermal field by
warming the core of the cavity. Obviously, the thermal
field is sensitive to the fluid structure change such as
shown by the series of isotherms patterns in Fig. 13.

Fig. 14. Strength of asymmetry versus Ra for
different aspect ratios

To monitor the strength of the asymmetry for different
values  of  Ra  (Fig. 14), we have determined the
following integral:



A. Walid and O. Ahmed / JAFM, Vol. 3, No. 2, pp. 77-86, 2010.

82

[ ]
[ ]

2

2

( , ) ( , )

( , ) ( , )

- -
=

+ -
òò
òò

A

A

X Y X Y dX dY
I

X Y X Y dX dY

q q

q q

Thus a purely symmetric flow yields 0=I . It has been
found that the critical value of Ra, at which the
symmetric flow regime no longer remains stable
( 0¹I ), depends on the value of the aspect ratio.
Indeed, for Aw=0.25, this value is Ra=105 whereas for
Aw=0.5 the corresponding value is Ra=7.104.  As it  can
be seen in Fig. 14, the value of I decreases as Ra goes
down  and  the  strength  of  asymmetry  is  more
pronounced for Aw=0.5.

4. CONCLUSION

This paper has reported numerical results for steady,
laminar, two-dimensional natural convection in a
prismatic cavity with isothermal upper sidewalls,
adiabatic vertical walls and receiving a uniform
continuous heat flux at the bottom. The results
presented show that the cavity’s aspect ratio has a
profound influence on the temperature and flow fields.
On the other hand, the effect of small Ra values
( 410£Ra ) is not significant. Two counter-rotating
vortices are present in the enclosure and the eye of each
vortex  is  located  at  center  of  the  half  of  the  cross-
section. As Ra is increased, the eye of each vortex
moves towards the right vertical wall for Aw=0.25, but
the two cells remain near the bottom. As for Aw= 0.5,
the left cell becomes the main vortex of high strength
and large size. The right one becomes a secondary
vortex of small size located near the top corner of the
enclosure.  This  increase  in  Ra  causes  more  strong
cross-sectional flows. Further increase in Ra
( 610=Ra ) causes secondary vortex to develop on the
left corner of the enlarged enclosure (Aw= 0.5).

It has been found that a considerable proportion of the
heat transfer across the inclined walls of the enclosure
takes place near the intersection of the adiabatic vertical
walls and cold inclined walls. Also, it has been noticed
that, in a cavity still receiving a uniform heat flux, the
bottom is not isothermal and the flow structure is
sensitive to the cavity’s shape. Many recirculation
zones  can  occur  in  the  core  of  the  cavity  and  the  heat
transfer is dependent on the flow structure.
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Fig. 10. Thermal field for Aw=0.25 and different Rayleigh number values

Fig. 11. Local Nusselt number versus X for different Rayleigh number values: left inclined wall (left) and right
inclined wall (right)
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Fig. 12. Streamlines for different aspect ratios and different Rayleigh number values
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Fig. 13. Isotherms patterns for different aspect ratios and different Rayleigh number values
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