
 

 

 

 

Rheodynamic Lubrication of an Externally Pressured Thrust 

Bearing Using Herschel-Bulkley Fluid with Sinusoidal 

Injection 

I. J. Amalraj
1
, S.Narasimman

 1
 and A. Kandasamy

2†. 

1 
Department of Mathematics, SSN College of Engineering, Kalavakkam-603110 Chennai, India 

2Professor, Department of Mathematical and Computational Sciences, National Institute of Technology Karnataka, 

Surathkal, Mangalore-575025, India. 

†Corresponding Author Email: kandy@nitk.ac.in 

(Received December 1, 2010; accepted July 10, 2011) 

ABSTRACT 

Lubricants with variable viscosity are assuming greater importance for its application in polymer industry, thermal 

reactors and in biomechanics. With the bearing operations in machines being subject to high speeds, loads, increasing 

mechanical shearing forces and continually increasing pressure, there has been an increasing interest to use non-

Newtonian fluids characterized by a yield value. Some of them, which fit into this class, are Bingham, Casson and 

Herchel-Bulkley models. In the present work, the problem of an externally pressurized thrust bearing lubricated with 

Herschel-Bulkley fluid under the sinusoidal flow rate has been investigated. Herschel-Bulkley fluids are characterized 

by a yield value, which leads to the formation of rigid core in the flow region. The shape and extent of the core has 

been determined numerically for various values of the Herschel-Bulkley number, power-law index, amplitude of 

sinusoidal fluid film and time.  Numerical solutions have been obtained for the bearing performances such as pressure 

distribution and load capacity for different values of the Herschel-Bulkley number, power-law index, amplitude of 

sinusoidal fluid film and time. The effects of sinusoidal injection of the lubricant and the non-Newtonian 

characteristics on the bearing performances have been discussed.  

 

Keywords: Non-Newtonian lubricant, Herschel-Bulkley fluids, Yield stress, Externally pressurized thrust bearing, 

Sinusoidal injection. 

1. INTRODUCTION 

As the bearing operations in machines are subjected to 

high speed, load, increasing mechanical shearing forces 

and continually increasing pressures, there has been an 

increasing interest in the usage of non-Newtonian fluids 

with yield stress as lubricants, like, Bingham plastic, 

Casson and Herschel-Bulkley fluids. The Herschel-

Bulkley fluids include both shear thinning and shear 

thickening materials. They represent the combination of 

Bingham plastic and power-law fluids and are also 

known as yield-power law fluids. Examples of such 

materials are greases, colloidal suspensions, starch 

pastes and blood flow through narrow tubes. 

Many researchers have analyzed the rheodynamic 

lubrication in the externally pressurized thrust bearing 

by considering both Newtonian and non-Newtonian 

fluids. Roy et al. (1993) have discussed the effect of 

inertial forces in the externally pressurized bearing by 

considering the visco-elastic fluid as the lubricant. 

Elsharkawy et al. (1996) have studied the effects of a 

porous layer on the hydrodynamic lubrication of an 

externally pressurized thrust bearing and obtained the 

numerical solutions of pressure distribution and load 

capacity. Jaw-Ren Lin (1999) has investigated the 

combined effects of couple stress, fluid inertia and 

recess volume fluid compressibility on the steady and 

dynamic state characteristics of hydrostatic circular step 

thrust bearings. The problem of an externally 

pressurized thrust bearing lubricated with Herschel –

Bulkley fluids has been considered by Kandasamy et al. 

(2006) and numerical solutions has been obtained for 

the pressure distribution and the load capacity. 

Using the Herschel-Bulkley fluids as lubricants, the 

problems of different types of bearings have been 

investigated by many researchers.  Squeeze flow 

experiments have been carried out by Sherwood et al. 

(1998) for a Herschel Bulkley fluid using lubricated 

wall boundary conditions. Chan et al. (2002) have 

analyzed the squeezing flow of the Herschel-Bulkley 

fluid and obtained the deviations of the simulated finite 

element results, by using the lubrication approximation, 

with that of experimental results. Both theoretical and 

experimental investigation of the force required to 

squeeze the Herschel-Bulkley material without slip for 

different surface patterns has been carried out by 

Meeten (2005). The behavior of the Herschel-Bulkley 

fluids between two ellipsoid rollers has been analyzed 

by Zhang et al. (2005). The rheodynamic lubrication of 
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the squeeze film bearing using Herschel –Bulkley fluids 

has been analyzed by Kandasamy et al. (2006). 

Hashimoto et al. (1986) have examined the bearing 

performances in a squeeze film bearing with sinusoidal 

motion lubricated using a power law fluids. With 

sinusoidal squeeze motion, Usha et al. (2002) have 

applied the energy integral approach to find the 

behaviour of curved squeeze film bearing using 

Newtonian lubricant. Kandasamy et al. (2007) have 

discussed the effects of fluid inertia, non-Newtonian 

characteristics and the amplitudes of sinusoidal squeeze 

motion on the bearing performances of a squeeze film 

bearing using Bingham fluid. Recently, Amalraj et al. 

(2010) have analyzed the bearing performances in an 

externally pressurized thrust bearing using Bingham 

fluids with sinusoidal injection of the lubricant. 

In the present work, the problem of an externally 

pressurized thrust bearing lubricated with Herschel-

Bulkley fluid under the sinusoidal flow rate has been 

analyzed. During the operations of the bearings the 

maximum viscous shearing stresses arise in the region 

between the plates. Therefore, there may be a region in 

the film where the shearing stresses do not exceed the 

yield value of the lubricant and thereby a core with zero 

velocity gradients is formed. The flow occurs only in 

the region where the shear stress exceeds the yield 

value. The shape and extent of the core has been 

determined numerically for various values of the 

Herschel-Bulkley number, power-law index, amplitude 

and time for the case of sinusoidal flow rate. The flow 

is confined to the region between the core and the 

circular plates of the bearing. Numerical solutions have 

been obtained for the bearing performances such as 

pressure distribution and load capacity for different 

values of the Herschel-Bulkley number and power-law 

index and for various amplitudes of the sinusoidal 

feeding. The characteristic of an externally pressurized 

thrust bearing has been investigated through Non-

Newtonian effects and the sinusoidal conditions. 

2. MATHEMATICAL FORMULATION OF 

THE PROBLEM 

The geometry of the problem is shown in Fig.1 

 

 
Fig. 1. Geometry of an externally pressurized thrust 

bearing 

 

We consider an isothermal incompressible steady flow 

of the time-independent Herschel-Bulkley fluid injected 

between two circular plates, separated by a distance „h‟. 

Let 1R be the radius of the film inlet, 2R  be the radius 

of the film outlet. Let p denote the pressure of the film, 

ap   the atmospheric pressure and   the density of the 

fluid. The cylindrical polar co-ordinates  , ,r z   

with axial symmetry have been considered. The origin 

is fixed at the centre of the plate, r measuring the 

distance along the radial direction and z along the axis 

normal to the bearing. Let rv  and zv be velocity 

components along r and z directions respectively. 

The constitutive equation for these fluids is given by 

Whorlow (1980)  

.

2 1

n

                                                  (1) 

where   is the shear stress 2 is the yield stress,  1  is 

called the coefficient of fluidity,  
.

  is the rate of strain 

and n is the power-law index. In those regions of the 

film, where the shear stress is less than the yield value, 

there will be a core formation which will move with 

constant velocity, cv . Let the boundaries of the core be 

given by  
2

h
z r   and   

2

h
z r   as shown in 

Fig. 2. 

 
Fig. 2. Shape of the core in an externally pressurized 

thrust bearing 

 

Applying the basic assumptions of lubrication theory 

for thin films, the governing equations for the above 

system is given by: 
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The Eqs. (2), (3) and (5) together with continuity, Eq. 

(4), are to be solved under the following boundary 

conditions:  

0rv   at 
2

h
z                                          (6) 
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r cv v  at  
2

h
z r                         (7) 

rv

z




 is continuous, at   

2 
                      

(8)
 

ap p  at 
2r R                                        (9) 

where 
cv  is the core velocity and 

ap is atmospheric 

pressure. 
 

3. SOLUTION OF THE PROBLEM 

Integrating Eq. (2) and using Eq. (5) and the boundary 

conditions (6) and (7), the velocity distribution in the 

flow region is obtained as  

1 1 11
1 1

1

1 2 2 2
1

n h hdpn hn nnv z
r n dr
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The velocity of the plug core is given by 
1
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The equation of conservation of mass which depends on 

the bearing configuration in this case is 

 
/ 2

4

0

h
Q r v dz

r
 

           

          (12) 

where Q  is the flow rate per unit width. 

 Using (10) and (11) in Eq. (12) we get 
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Now considering the equilibrium of an element in the 

yield surface, ,
2 2

h h
z

 
    it is found that 
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                                    (14)

 Eliminating the pressure gradient from Eqs. (13) and 

(14), we get an algebraic equation for determining the 

thickness of the core ( )r  as 
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Again from Eq. (13), 
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(16) 

Let us introduce the sinusoidal (flow rate) feeding of 

the lubricant as  

 0 sin fQ Q a t                       (17) 

which influences the sinusoidal fluid film between the 

plates. Here,
0Q  is the mean flow rate, a is the 

amplitude of the flow rate variation, f  is the 

frequency of oscillation and t is the time of oscillation. 

The following non-dimensional parameters are 

introduced: 
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Using the above non-dimensional quantities, Eqs. (15) 

and (16) take the form 

   
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(19) 

in which N is the Herschel-Bulkley number.  

The core thickness can be determined from the 

algebraic Eq. (19). The root  * , , , , *N n A T r  of the 

Eq. (19), which is positive and less than unity, 

determines the shape of the yield surface. The value of 

the root, for a particular material (i.e) for a given 

Herschel-Bulkley number and the power-law index, is 

obtained for various values of *r , A and T using any 

numerical iterative technique. Knowing  *r , the 

pressure distribution can be obtained from (19) by 

integrating it numerically using the boundary condition 

(9) and is given by 

1 *** *
*

*

dp
p p dr

a dr
r

 
    

 
                         (20) 

Then, the load carrying capacity of the externally 

pressurized thrust bearing can be obtained by 

integrating the pressure along the radius of the bearing 

and is given by 

 
1

** * *

*

W p p r dr
a

R

 

                     

(21) 

 where 
1

2

*
R

R
R

  is the ratio of inside to outside radius 

of the bearing. This integration is performed 

numerically for various values of Herschel-Bulkley 

number, power-law index, amplitude and time. 
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4. RESULTS AND DISCUSSION 

The behaviour of core thickness *  for various values 

of amplitude (A), time (T) and non-Newtonian 

characteristics (N,n) at every point of radius  *r  is 

computed and the results are given in Figs. 3-8. 

 

 
Fig. 3. Core thickness variation along the radius for A = 0.3: n = 0.7 

 

 
Fig. 4. Core thickness variation along the radius for A = 0.6: n = 0.7 

 

 
Fig. 5. Core thickness variation along the radius for A = 0.3: n = 1.0 
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Fig. 6. Core thickness variation along the radius for A = 0.6: n = 1 

 

 
Fig. 7. Core thickness variation along the radius for A = 0.3: n = 1.3 

 

 
Fig. 8. Core thickness variation along the radius for A = 0.6: n = 1.3 
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The core thickness is found to be minimal at the center 

of the plates and increases towards the periphery. It has 

been observed that the thickness of the core increases 

when the Herschel-Bulkley number increases for a 

constant power-law index, amplitude and time. 

Similarly, the thickness of the core increases with the 

increase in power-law index, for a constant Herschel-

Bulkley number, amplitude and time. However, with 

respect to time, the formation of plug core decreases 

only up to an optimum time, after which  it increases 

gradually before changing its course for a fixed 

amplitude, power-law index and Herschel-Bulkley 

number. The impact of increase in amplitude on core 

thickness is also found to increase marginally for any 

particular Herschel-Bulkley number and power-law 

index. 

The radial distribution of film pressure along the radius 

of the thrust bearing for different values amplitude (A), 

time (T) and Herschel-Bulkley numbers (N) and power-

law index (n) are computed and shown in Figs. 9-13. 

 
Fig. 9. Pressure distribution along radius when T = 0 & A=0.3 

 

 
Fig. 10. Pressure distribution along radius when T = 0.005 & A=0.3 

 

 
Fig. 11. Pressure distribution along radius when T = 0.015 & A=0.3 
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Fig. 12. Pressure distribution along radius when T = 0.005 & A=0.6 

 

 
Fig. 13. Pressure distribution along radius when T = 0.015 & A=0.6 

 

The pressure is found to decrease from centre to 

periphery of the bearing. It is observed that the pressure 

of the fluid film increases with the increase in Herschel-

Bulkley number (N) for a constant power-law index (n), 

amplitude (A) and time (T). Also, there is a significant 

increase in the pressure as the power-law index 

increases at a given Herschel-Bulkley number, 

amplitude and time. For a particular Herschel-Bulkley 

number, power-law index and time, when the amplitude 

of the sinusoidal fluid film increases, the pressure is 

found to increase only up to an optimum time. After 

that the pressure is found to decrease with the increase 

in amplitude, before it changes its course with respect 

to time.  

The velocity profile along the axial direction  *z  for 

various values of the radius(r*) and Herschel-Bulkley 

numbers (N), at a constant amplitude (A), time (T) and 

power-law index (n) are depicted in the Fig. 14. The 

shape of the core, as observed earlier, is reflected in this 

profile. In the limiting case as N tends to zero, the 

velocity profile is that of a parabola, which represents a 

Newtonian fluid. 

 

Fig. 14. Velocity profile  
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The results of load capacity calculated for various 

values of Herschel-Bulkley numbers (N), power-law 

index (n), amplitudes (A) and time (T) are graphically 

shown in Figs. 15-17. 

 
Fig. 15. Load capacity varying with time for n=0.7 

 

 
Fig. 16. Load capacity varying with time for n=1.0 

 

 
Fig. 17. Load capacity varying with time for n=1.3 

 

We find that the load capacity of the bearing increases 

significantly with the increase in Herschel-Bulkley 

number for a constant power-law index and amplitude. 

Further, the rate of increase of the load capacity due to 

the increase in power-law index is found to be 

significant at high amplitudes. Moreover, for a constant 

amplitude and Herschel-Bulkley number, the load 

capacity of the bearing increases with the increase of 

time up to an optimum point beyond which it starts 

decreasing gradually before it changes its nature. The 

effects of non-Newtonian characteristics on the load 

capacity are more significant as the amplitude of the 

sinusoidal motion increases. Since, there are no results 

available in the literature for the lubrication of an 
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externally pressurized thrust bearing with Herschel-

Bulkley fluids under sinusoidal conditions, the present 

results are compared with the particular cases available 

in literature. For the constant flow rate, our results are 

in agreement with the results obtained earlier by 

Kandasamy et al. (2006). Further, the results 

corresponding to the power-law index 1n , in our 

analysis, are compared with the case of Bingham 

lubrication under sinusoidal condition and are found to 

be in agreement (Amalraj et al. 2010). 

5. CONCLUSION  

The problem of an externally pressurized thrust bearing 

lubricated with Herschel-Bulkley fluid under the 

sinusoidal flow rate has been investigated here. From 

the analysis, the following conclusions are drawn: 

1. The core thickness of the lubricant is high for fluids 

with high H-B number as well as for fluids with high 

power-law index. 

2. The impact of „increase in amplitude‟ on core 

thickness is found to increase marginally for a lubricant 

with a fixed H-B number and power-law index. 

3. Pressure is high at the centre of the bearing and 

decreases along the radial direction. 

4. The pressure is found to increase when the amplitude 

of the sinusoidal fluid film increases, but only up to an 

optimum point of time, beyond which the pressure is 

found to decrease with the increase in amplitude before 

it changes its course with respect to time. 

5. The load capacity of the bearing increases with the 

increase of time up to an optimum point beyond which 

it starts decreasing gradually before it changes its 

nature. 

6. The effects of non-Newtonian characteristics on the 

load capacity is more significant when the amplitude of 

the sinusoidal motion is very high. 
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