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ABSTRACT

The objective of this paper is to consider both effects of slip and convective heat boundary conditions on steady two-
dimensional boundary layer flow of a nanofluid over a stretching sheet in the presence of blowing/suction
simultaneously. Flow meets the Navier's slip condition at the surface and Biot number is also used to consider the
effects of convective heat transfer. The employed model for nanofluid includes two-component four-equation
nonhomogeneous equilibrium model that incorporates the effects of nanoparticle migration owing to Brownian
motion and thermophoresis. The basic partial boundary layer equations have been transformed into a two-point
boundary value problem via similarity variables. Results for impermeable isothermal surface and also no-slip
boundary condition were in best agreements with those existing in literatures. Effects of governing parameters such
as Biot number (Bi), slip parameter (1), thermophoresis (Nt), Prandtl number (Pr), Lewis number (Le), Brownian
motion (Nb) and blowing/suction (S) on reduced Nusselt and Sherwood numbers are analyzed and discussed in
details. The obtained results indicate that unlike heat transfer rate, concentration rate is very sensitive to all
parameters among which Le, S and Pr are the most effective ones.
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NOMENCLATURE
a constant p pressure
C nanoparticle volume fraction Pr Prandtl number
Cf skin friction coefficient Qw surface heat flux
cp specific heat at constant pressure Re Reynolds number
Dg Brownian diffusion coefficient S dimensionless suction/blowing parameter
Dt thermophoresis diffusion coefficient Sh Sherwood number
Le Lewis number ) density

through the system or keeping the mixture
homogeneous, nano-scaled particles have attracted
more attention. These tiny particles are fairly close

1. INTRODUCTION

Improving the technology, limit in enhancing the

performance of conventional heat transfer became a
main issue owing to low thermal conductivity of the
most common fluids such as water, oil, and ethylene-
glycol mixture. Since the thermal conductivity of
solids is often higher than that of liquids, the idea of
adding particles to a conventional fluid to enhance
its heat transfer characteristics was emerged. Among
all dimensions of particles such as macro, micro and
nano, due to some obstacles in the pressure drop

in size to the molecules of the base fluid and thus
can be realized as extremely stable suspensions with
slight gravitational settling over long periods of
time. Coined term “nanofluid” was proposed by Choi
(1995) to point out engineered colloids composed of
nanoparticles dispersed in a base fluid. Following
the seminal study of this concept by Masuda et al.
(1993), a considerable amount of research in this
field has risen exponentially. Meanwhile, theoretical
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studies were emerged to model the nanofluids
behaviors. Up to now, the proposed models are
twofold; homogeneous flow models and dispersion
models. Buongiorno (2006) indicated that the
homogeneous models tend to under predict the
nanofluid heat transfer coefficient and due to
nanoparticle size, dispersion effect is completely
negligible. Hence, Buongiorno developed an
alternative model to explain the abnormal convective
heat transfer enhancement in nanofluids and
eliminates the shortcomings of the homogeneous and
dispersion models. He considers seven slip
mechanisms, including inertia, Brownian diffusion,
thermophoresis, diffusiophoresis, Magnus, fluid
drainage, gravity and claimed that, of these seven,
only Brownian diffusion and thermophoresis are
important slip mechanisms in nanofluids. Moreover,
Buongiorno concluded that turbulence is not affected
by nanoparticles. Based on this finding, he proposed
a two-component four-equation non-homogeneous
equilibrium model for convective transport in
nanofluids. Above-mentioned model has recently
been used by Kuznetsov and Nield (2010) to study
the influence of nanoparticles on natural convection
boundary-layer flow past a vertical plate. Then, a
comprehensive survey of convective transport of
nanofluids conducted by Khan and Pop (2010),
Malvandi et al. (2013), Khan and Aziz (2011),
Malvandi (2014), and Malvandi et al. (2014).

Of late, Boundary layer flow of stretching surfaces
has attracted considerable attention due to the large
number of applications in industry. For instance,
many technical processes concerning polymers
involve cooling of continuous strips extruded from a
die by drawing them through a quiescent fluid with
the controlled cooling system, and in this process,
the strips are sometimes stretched. Glass blowing,
continuous casting of metals, and spinning of fibers
also involve the flow over a stretching surface.
During the manufacturing process of these sheets,
the mixture issued from a slot is stretched to reach
the desired thickness. At last, in view of acquiring
the top-grade final product, this sheet solidifies as it
passes through the air/water-cooled systems. In
water cooling systems, inclusion of nanoparticles
can enhance the cooling process efficiency and can
also reduce the transient time. There is a vast
literature on the boundary layer flow over a
stretching sheet, but we only refer to few recent
studies Ziabakhsh et al. (2010), Hassani et al.
(2011), Hayat et al. (2011), Postelnicu and Pop
(2011), Malvandi et al. (2013), Malvandi et al.
(2013), Reddy (2013). All these investigations
employ no-slip condition at the boundary. However,
the non-adherence of the fluid to a solid boundary at
the presence of nanoparticles, known as slip velocity
condition, has been reported by numerous
researchers Abbas et al. (2008), Hayat et al. (2008),
Hamad et al. (2012), Noghrehabadi et al. (2012),
Malvandi et al. (2014), Sharma et al. (2014).

Recently, impacts of the convective boundary
condition of nanofluid over a stretching sheet with no
slip condition have been studied by Makinde and Aziz
(2011). As stated earlier, slip condition occurs in the
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existence of nanoparticles so the focal point of this
paper is to consider both effects of slip flow and
convective boundary condition over a stretching sheet.
For slip flow, Navier's slip condition is employed and
Biot number has been used for describing the
convective boundary condition. Serving as a
complement to the previous studies, effects of
suction/injection, Lewis and Prandtl numbers on heat
and concentration rates have been considered in a
wide variety of Brownian motion and thermophoresis
parameters.

2. MATHEMATICAL FORMULATION

Consider the steady, two-dimensional
incompressible slip flow of nanofluids past a
permeable stretching sheet in the presence of
blowing/suction as shown in fig. 1. The sheet is
stretched with a velocity u,(x)=ax where a is
constant. It is worth mentioning that the surface
temperature T,, is a result of the convective heat
process which characterized by a temperature T¢ and
a heat transfer coefficient h. The nanoparticle
volume fraction at the wall is C,,, while the ambient
temperature and concentration at large values of y
having constant values T, and C,, respectively. The
basic  unsteady incompressible  conservation
equations of mass, momentum, the thermal energy
of nanofluid can be expressed as Kuznetsov and
Nield (2010).

220 (1)
oxX oy
2,
uai+vaizv 07112+672le _lai (2)
X oy ox*° oy p OX
oT oT 0T o7
— 4V —=a| —+
0 oy ox? oyl
oC oT oC oT
| o o o ®3)
ox ox oy oy
+7 ) .
D,(oT? aT
+— — +—
T, lox oy
oC oC oC oC
u—+v—=D, T+ =
oy OX oy @
D, (0T o7
+— +—
T, lox? oy?
subject to the boundary conditions
u=u, +N va—u,v =,
At y =0 (5a)
her, -T)=—k 2 c =C,
oy
u=0, T=T, C=C_ As y > (5b)

where u and v are the velocity components along the x
and y coordinates, N is the velocity slip factor, p is the
density of the base fluid, p is the pressure, o is the
thermal diffusivity, v is the kinematic viscosity, k is
the thermal conductivity, Dg is the Brownian diffusion
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Fig. 1. The geometry of physical model and
coordinate system

coefficient, Dy is the thermophoretic diffusion
coefficient, is the ratio between the effective heat
capacity of the nanoparticle material and heat capacity
of the fluid, cp, T are specific heat at constant
temperature and local temperature respectively.
Employing the following similarity parameters

y=ax(v)f (), n=0)"y,
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And the transformed boundary condition of Eq. (5)
reduces to

ol

n—w: f =0,
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0 =-Bi(l-0), ¢=1
=0, ¢=0

where ' denotes differentiation with respect to 1 and the
outcoming non-dimensional parameters are

(10)
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Here Pr, Le, Nb, Nt, and A denote the Prandtl number,
the Lewis number, the Brownian motion, the

thermophoresis and slip parameter, respectively. The
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skin friction coefficient, the local Nusselt and
Sherwood numbers can be defined as:
Co=—, Nu=—T%
pU, K (Tw _Too)
Xq
h=———"
D,C, C.) (12)

where 1y, is the surface shear stress and, g,, and g, are
heat and mass flux at the surface respectively which are
defined as follows

43, 5 05)
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using the dimensionless variables Eq. (6), the rate of
skin friction, heat transfer and concentration can be
written as

Cfr =Re, ™C, =f '(0),
Nur =Re, *Nu =-6'(0),
Shr =Re, “*Sh =—¢(0)

Ty =

aq
(13)

(14)

Here Cfr, Nur, Shr refers to reduced skin friction
coefficient, the reduced Nusselt number and reduced
Sherwood number respectively. Also, Re,=u,x/v is the
local Reynolds number base sheet's velocity.

3.

The system of Eqgs. (7)-(9) with boundary conditions
of Eq. (10) have been solved numerically via Runge-
Kutta-Fehlberg method. The best accuracy of results
is obtained for the case of the isothermal
impermeable case with Noghrehabadi et al.
(2012) and also for the case of no-slip impermeable
boundary condition with Makinde and Aziz
(2011) which are cited in Table 1 and Table 2,
respectively. In comparison with regular fluids, the
present extension involves three more parameters:
Nt, Nb and Le. Hence, contour plots have been
presented instead of regular diagrams. The advantage
of contour lines is that they illustrates more physical
interpretation rather than common plots and suits for
complicated problems that depend on various
parameters. Here, in all contours, the negative values
have been shown with dashed lines. For a typical
nanofluid, Nb and Nt varies between 0 to 1 and Le
varies up to 20, see Makinde and Aziz (2011). It
should also be stated at the outset that one error is
inevitable, because the physical domain is
unbounded where as the computational domain has
to be finite. Here, for our bulk computations, the far
field boundary conditions denoted by #nax Se€t to
Nmax=15 which was sufficient enough to achieve the
far field boundary conditions asymptotically.

RESULTS and DISCUSSIONS
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Table 1 Comparison of our results for reduced Nusselt and Sherwood numbers when
Le=Pr=10, A=1, Bi=w0, S=0.

Nur Shr
Nb Noghrehabadi et al. (2012)  Present result Noghrehabadi et al. (2012)  Present result
01 O 0.718928 0.719 1.60743 1.607
0 0.392596 0.393 1.908809 1.909
1 0.242357 0.242 2.291156 2.291
1 - 0.167 - 2.57
0.3 0 0.190347 0.19 1.819268 1.819
0 0.102297 0.102 1.969337 1.969
1 0.06288 0.063 2.077327 2.077
1 - 0.043 - 2.148
Table 2 Comparison of our results for reduced Nusselt and Sherwood numbers when
Le=5, S=A=0, Nt=Nb=0.5
Nur Shr
Pr Bi
Makinde and Aziz (2011)  Present result Makinde and Aziz (2011)  Present result
0.1 0.0789 0.0789 1.5477 1.5477
5 01 0.0735 0.0735 1.5983 1.5983
10 01 0.0387 0.0387 1.7293 1.7293
1 0.1476 0.1476 1.6914 1.6914
5 10 0.155 0.155 1.7122 1.7122
5 100 0.1557 0.1557 1.7144 1.7144

Brownian motion can be observed due to random
drifting of suspended nanoparticles; on the other hand,
thermophoresis involves nanoparticle migration due to
the imposed temperature gradient across the fluid. In
fact, the Brownian motion and thermophoretic forces go
up against and also affect each other. Therefore, the
results should be carried out for a wide range of
Brownian motion and thermophoretic parameters to
reveal their effects. For doing so, the contour lines of
Nb-Nt have been shown in Figs. 2-6 to illustrate the
effects of Brownian motion (Nb), thermophoresis (Nt),
Lewis number (Le), slip parameter (A), blowing/suction
(S) and Prandtl number (Pr) on reduced Nusselt and
Sherwood numbers. As it is obvious, heat transfer rate
(Nur) wvaries almost linearly with all parameters.
Accordingly, an increase in the values of Nt, Nb, Le
and A decreases Nur while an increase in the value of
Bi, Pr and suction parameter increase Nur. Fig. 2
reveals that the value of reduced Nusslet number is
higher for the case of suction S>0 comparing with the
blowing case S<0; this is a result from the fact that once
the fluid is drawn across the blowing wall, both the
hydrodynamic and thermal boundary layers become
thicker. Thicker thermal boundary layers lead to some
decreases in the temperature gradients on the sheet,
which reduces the heat transfer rate. A reverse situation
takes place in the boundary layer with suction. The
Lewis number is an effective parameter which defines
the ratio of the thermal diffusivity to the mass
diffusivity. Its effect on the heat transfer rate is shown
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in Fig. 3. Le is applied to characterize the fluid flows
where simultaneous heat and mass transfer occur
because of the convection. Obviously, an increase in the
values of Lewis number leads to a drop in the values of
the reduced Nusselt number.

From Fig. 5, it can be concluded that a convective heat
transfer at the surface decreases the reduced Nusselt
number. Not surprisingly, increasing the value of the
Biot number diminishes the total thermal resistance of
the system. Moreover, the effects on the heat transfer
rate are observed to be more pronounced for the higher
values of the Biot number compared with the lower
ones. It is worth mentioning that in all of these
parameters, suction and Prandtl number have the
greatest impacts on heat transfer rates.

In spite of reduced Nusselt number, we can observe that
reduced Sherwood number is very sensitive to all
parameters and its variations are not predictable at a
glance. The right column of Fig. 2 shows how
concentration rates vary with S. Considering the figure
we can realize that for Nb>0.1, as S grows from its
negative values (blowing) to its positive ones (suction),
concentration rate takes an increasing trend. In other
words, for the case of suction, the values of
concentration rate are greater than that of impermeable
wall; a similar behavior can be seen between the



A. Malvandi et al. / JAFM, Vol. 8, No. 1, pp. 151-158, 2015.

0.
=-1 Le=2 =

S=0

Le=20 £

0.4

Fig. 2. Contour lines of reduced Nusselt and Fig. 3. Contour lines of reduced Nusselt
Sherwood numbers for different values of and Sherwood numbers for different
blowing/suction parameter S when values of Lewis number Le when
Le=Bi =Pr =5 21=1 S=05Bi =Pr=524=1
Nur Shr Nur Shr
N,
Ay

" \ | T " 3 W
s \\a % | ooffl3 w,g/ n,u\ \\ \o u.a§§ l \
Pt 2] A GlES 5 ) Bi=t E“'e %% \ 9 3 (2] .
4| ) it g 04
WY J

1 H |
\ 0.8 ig
B | &
o £.E ] o
-
% g
B

r;“ 3
= e
=
m?‘&’
g ¢
%,

2
=

! \\\ AN \
pre7 s\\ s 3 S L oy Bins s\\ A
S /

=g
-
"
?m‘

s =

5 2
[~ ——— e

L L
0.4 0.6 X
0.2 0.4 Nt?

WA AT

0:2
0.8 0.8
pPr=10 £°} 2 3 L HE % j "’{,,\_
LR AN B 04f; » ITANEN 04
Ve 2 )
N \ / ] ] «-=*--’"é\\\\\ Y
\ . Oy R\ L/,
0.2 0.4 Ngl.ﬁ [X] 0.2 0.4 Nt?'“ [X] 0.z 0.4 Nbg's LX) 0.2 0.4 N!Pu [X]
Fig. 4. Contour lines of reduced Nusselt and Fig. 5. Contour lines of reduced Nusselt and
Sherwood numbers for different values of Prandtl Sherwood numbers for different values of Biot
number Pr when S =05, Le =Bi =5, A =1 number Bi when S =05, Le=Pr =5, A =1

155



A. Malvandi et al. / JAFM, Vol. 8, No. 1, pp. 151-158, 2015.

\\ |

Fig. 6. Contour lines of reduced Nusselt and
Sherwood numbers for different values of
dimensionless slip factors 4 when
S =05, Le=Bi =Pr =5

impermeable wall and blowing cases. However,
increasing in the values of S For Nb<0.1 drops Shr
which is negative (reversed the concentration rate) for
the high suction case. This phenomenon vanishes when
Lewis number increases (Fig. 3) or any of the suction
parameter (Fig. 2), Prandtl number (Fig. 4), Biot
number (Fig. 5) and slip velocity (Fig. 6) decreases.

Also, as the eye sees, blowing/suction parameter has
marked effects on Shr's contour lines' pattern. For the
strong blowing case, i.e. S=-1, increasing in the values
of Nb leads to a drop in the value of Shr, however, in
the case of suction this trend is vice versa. Referring
to Fig. 3, it is observable that for lower values of Le
as Nb grows Shr increases while rising in the values
of Le can change this trend particularly for the high
Brownian motion parameter. What is more, in the
region of lower Brownian motion numbers, increasing
in the values of Lewis number cause a marked
decrease in the values of concentration rate; according
to Fig. 4, the same trend for Prandtl number is
governed. Regarding Fig. 5, we can observe that Biot
number has negligible effects on the reduced
Sherwood number where an increase in the values of
the Biot number from unity to infinity, results a gentle
rise (less than 0.3%) in the reduced Sherwood
number; in contrast to Biot number, slip parameter has
significant effects where a rise in the values of slip

parameter lead to decrease in the value of reduced
Sherwood number, see Fig. 6.

The samples of velocity, temperature and concentration
profiles for selective values of parameters are presented
in Fig. 7, Fig. 8 and Fig 9. These profiles have
essentially the same form as the case of regular fluids.
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The figures show solutions satisfy far field boundary
conditions and can be used for validity of our results as
well as illustrating how Lewis, Biot and slip velocity
parameters influence the boundary layers and provide a
physical insight into the mentioned explanations.
Considering Fig. 7, It can be realized that a rise in the
values of slip parameter generates more momentum
inside the boundary layer which is the reason for the
reduction in heat and concentration rates. Fig. 8
displays that the surface temperature increases as the
Biot number climbs up, as a result, heat transfer rate
experiences a rise. Finally, Fig. 9 demonstrates that
decreasing in the values of Lewis number enhances the
concentration profiles until the variational trend on the
sheet changes which causes reversed the concentration
rate (see Fig. 3).

4, SUMMARY and CONCLUSION

Boundary layer slip flow and heat transfer of nanofluid
over a permeable stretching sheet with the convective
boundary condition has been investigated numerically.
Despite of the conventional no-slip boundary
conditions, in the present study, the partial slip
boundary condition has been applied. Two-component
four-equation nonhomogeneous equilibrium model that
incorporates the effects of nanoparticle migration owing
to the Brownian motion and thermophoresis has been
employed to consider the effects of nanofluid (mixture
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