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ABSTRACT

A numerical study on steady laminar magnetohydrodynamics (MHD) mixed convection flow of an
electrically conducting fluid in a vertical square duct under the action of transverse magnetic field has been
investigated. The walls of the duct are electrically non-conducting. In this study both forced and free
convection flows are considered. The viscous dissipation and Joule heat are also considered in the energy
equation and moreover the walls of the duct are kept at constant temperature. The governing equations of
momentum, induction and energy are first transformed into dimensionless equations by using dimensionless
quantities, then these are solved employing finite difference method for velocity, induced magnetic field and
temperature distribution. The computed results for velocity, induced magnetic field and temperature
distribution are presented graphically for different dimensionless parameters Hartmann number M, Prandtl
number Pr, Grashof number Gr and magnetic Reynolds number Rm.

Keywords: Buoyancy force; Heat transfer; Insulated walls; Magnetohydrodynamics; Mixed convection,
Square duct.

NOMENCLATURE
a length of cross-section of the square duct vV velocity
B magnetic field W velocity in the z-direction
By applied magnetic field w*  dimensionless velocity
B magnetic field in the z-direction x,y,z cartesian coordinates
B* dimensionless magnetic field
Cp specific heat at constant pressure B coefficient of thermal expansion
E electric field P density of liquid
Gr Grashof number o electrical conductivity
g acceleration due to gravity H coefficient of viscosity
k thermal conductivity He  magnetic permeability
M Hartmann number v kinematic viscosity
j current density A _magnetic diffusivity
Pr Prandtl number Subscripts _ _ )
p pressure force mn grld number in computational domain
Re Reynolds number L !ndex refers o x
Rm  magnetic Reynolds number J index refers to y
T fluid temperature Cyete. constants
To wall temperature

forces. This natural buoyancy is the force
1. INTRODUCTION experienced by fluid while flowing under
gravitational field and is associated with the density
changes that result from temperature variation in the
flow. While the forced convection flow is the
phenomenon in which the velocity arising from
variable density (i.e. due to force of buoyancy) are

The free or natural convection occurs when fluid
motion is generated predominantly by the body
forces which caused entirely by the buoyancy
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negligible in comparison with the velocity of the
forced flow. Mixed convection flow is the
combination of forced and natural convection flows.

Mixed convection flows in a channel or duct are
encountered in the Dual-Coolant Lead-Lithium
(DDCL) flow for power conversion, tritium
breeding and many industrial applications and
engineering devices such as cooling system for
electronic components and reactors. In such devices
liquid-metal flow are strongly affected by a
magnetic field and by a volumetric heating caused
by the neutrons with the electrically conducting
fluid (Smolentsev et al., 2008). Analysis on MHD
flows associated with very high values of Hartmann
number is important in designing of liquid metal
tritium breeder coolant blanket for nuclear fusion
reactor. Furthermore, because the  flow
characteristics of coolant with the temperature
difference between wall boundary and the coolant
are assumed to be different from usual turbulent
MHD flow, it becomes necessary to investigate
buoyancy flow at high values of Grashof number
under a magnetic field for the design of an actual
working system.

Sposito and Ciafalo (2006) studied fully developed
flow of an electrically conducting fluid between
parallel walls under the simultaneous influence of a
driving pressure head, buoyancy and MHD forces,
where the fluid was assumed to be internally heated
and the flow was modeled as one-dimensional and
incompressible. Al-Khawaja et al. (1994) solved
numerically the problem of fully developed,
laminar, steady, forced convection heat transfer in
an electrically conducting fluid flowing in an
electrically insulated, horizontal circular pipe in a
vertical uniform transverse magnetic. Al-Khawaja
et al. (1999) also studied the same problem for free-
and-forced convection flow numerically using finite
difference schemes for Grashof numbers 0 to 106
and Hartmaan numbers 0 to 500. Umavathi and
Malashetty (2005) solved the problem of combined
free and forced convective MHD flow in a vertical
channel by taking into account the effect of viscous
and ohmic dissipations, analytically by perturbation
series method and numerically by finite difference
technique. Umavathi and Chamkha (2011) analyzed
the effect of heat and mass transfer on mixed
convective flow of a viscous incompressible fluid
past a vertical infinite plate in the presence of heat
source or sink. Garandet and Alboussiere (1992)
proposed analytical solutions to the equations of
MHD that was used to model the effect of a
transverse magnetic field on buoyancy driven
convection in a two-dimensional cavity, in the case
of high Hartmaan number limit. Blosseville et al.
(2007) investigated analytically a fully developed
buoyant flow in a straight, horizontal rectangular
duct with an axial temperature gradient in an
arbitrary oriented, transverse magnetic field with
insulated walls. Aruna et al. (2011) studied the
developed MHD mixed convection flow in a
vertical channel, where the problem was described
by means of partial differential equations and the
solutions were obtained by an implicit finite
difference technique coupled with a marching
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procedure. Taghikhani and Najafkhani (2013)
investigated the laminar steady MHD natural
convection in a filled square enclosure with internal
heat generation by two-dimensional numerical
simulation. Reddy et al. (2012) studied numerically
the fully developed MHD laminar mixed convection
in a vertical channel with isothermal wall
temperature. Chamkha (2002) studied the problem
of hydromagnetic fully developed laminar mixed
convection flow in a vertical channel with
symmetric and asymmetric wall heating conditions
in the presence of heat generation or absorption
effect. Tomarchio (2009) studied the 2D problem of
the mixed convective flow in a vertical rectangular
duct in the presence of transverse magnetic field
with the steady periodic regime induced by the
oscillating wall temperature of the four walls,
numerically by finite element approach. Recently,
Chutia and Deka (2014) studied numerically steady
MHD flow and heat transfer in a rectangular
electrically insulated duct in the presence of strong
obliqgue magnetic field. They considered both
viscous and Joule dissipation in the energy
equation.

The aim of the present paper is to investigate
numerically on laminar steady MHD mixed
convection flow of an electrically conducting fluid
in a vertical square duct in the presence of strong
transverse magnetic field. The walls of duct are
assumed as insulating and walls have constant
temperature. The local balance equations of
momentum, magnetic induction and energy are
solved numerically by finite difference method
using the Hartmann number M, Grashof number Gr,
Prandtl number Pr and magnetic Reynolds number
Rm as the parameters. The computed numerical
results are presented graphically for velocity,
induced field and temperature for different flow
parameters.

2. MATHEMATICAL FORMULATION

The steady laminar flow of a Newtonian fluid in a
vertical square duct with uniform horizontal
magnetic field of constant intensity B, applied
transverse to the duct walls is considered. The
length of the cross section of the duct is a. It is
assumed that the fluid occupies an area between
x=0,x=aand y=0, y=a. The flow is to be
driven by a constant pressure gradient dp/dz and is
constrained to move in the z- direction. A uniform
temperature T, at walls of the duct is assumed. In
accordance with the hypothesis of fully developed
flow, the velocity and temperature field are parallel
and the only non-vanishing components of velocity
and temperature W (x,y) and T (x, y) are parallel to
the duct axis and independent of the vertical
coordinate. The uniform horizontal applied
magnetic field of intensity B, acts along y-direction
and it induces a magnetic field B(x,y) in the flow
direction.



Fig. 1. Geometrical sketch of the problem

In this study an electrically conducting fluid flows
along the axis of the duct under the influence of an
externally imposed driving pressure gradient and
the Lorentz forces caused by the interaction of the
flow with the uniform magnetic induction field,
directed along y. Buoyancy forces, caused by
density changes that results from temperature
variation, can easily be included thus giving rise to
mixed MHD convection.

Following assumptions are made in this study:

(i) The flow is steady, fully developed and fluid is
Newtonian.

(ii) The fluid is finitely conducting.

(iii) The duct is considered to be infinite so that all
the fluid properties except pressure gradient are
independent of the variable z.

(iv) Displacement currents are negligible and there
is no net of current in the z-direction.

Under above assumptions, the velocity v, magnetic
field B and temperature T will be of the form

V ={0,0,W(x,)}

B ={0,B,, B(x,)}

T=T(k,y)

3.

The complete set of governing equations under
above assumptions is obtained assembling together
the local balance equations for momentum using the
Boussinesq approximation for buoyancy, induction
and energy as follows:

GOVERNING EQUATIONS

*w | 9*w By 0B op _
(G +55) + 222+ pgB(T —To) = 32 = 0(1)
9?B | 0°B ow
A(m+m)+305—0 @)
. 92T N 92T N (aw)2 N (aw)z N
ox%  dy? 1\ox oy
1 ([8B\? aB\2
p”e {(a) +(3) } =0 ©)

Where p is the coefficient of viscosity, p is the
density of fluid, g is the acceleration due to gravity,
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B is the coefficient of thermal expansion, A is the
magnetic diffusivity, k is the thermal conductivity
of the fluid, o is the electrical conductivity and . is
the magnetic permeability.

The boundary conditions of the problem (i) no-slip
boundary condition at the wall, (ii) the condition of
electrically insulating wall and (iii) constant wall
temperature at the boundary yield:

At the Hartmann walls

W=0,B=0,T=T0aty=0} A(a
W=0B=0T=T, aty=a @
At the side walls

W=O,B=O,T=T0atx=0} b
W=0B=0T=T, atx=a (0)

The system of governing Egs. (1), (2) and (3) can
be rewritten in terms of following dimensionless
groups:

x _ X x _ Y *_K *—E *—ﬂ
=7 _a’W _WO’B _BO'T Toar ®)
—_adp
Where W, = o
1
o\ /20p
oo ()%
0 a“le pU az
WZ
AT =2
=7

Using dimensionless group (5), the system of
governing Egs. (1), (2) and (3) dropping asterisks
can be rewritten as:

?w  a*w dB . Gr

Py ay2+M£+ET+1_O (6)
9°B | 9B ow

w2 Tayr T M5, =0 Y
82T = 82T w2 aw\2)  Mm2pr((0B\?
Ty T Pr{(a) +(5) }+ Rm? {(a) t
9B\ 2

G- ®)

Where,

Y
M = Bya (fv) 2, is the Hartmann number

3(T—
Gr = W , is the Grashof number

_ Wa

Re , is the Reynolds number

Pr = ”TC” , is the Prandtl number
Rm = au,aW,, is the magnetic Reynolds number
The corresponding boundary condition (4) become

At the Hartmann walls

W=0B=0T=0aty=0
W=0B=0T=0 aty=1} 9(a)
At the side walls

W=0B=0T=0atx=0
W=0B=0T=0 wtx—1) 9(b)
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The system of coupled non-linear governing Egs.
(6), (7) and (8) are to be solved with the boundary
condition (9). In view of complexities it is not
convenient to obtain a closed form solution
particularly in the case of high Hartmann number
flow. Here an attempt has been made to solve the
governing equations numerically using the finite
difference method. In this numerical technique, we
have descretized the system of governing equations
along with the prescribed boundary condition into a
system of algebraic equations. Central difference
scheme of second order accuracy (Jain et al., 1994)
is used to descretize these equations, since it is more
accurate than forward and backward differences.
The resultant difference equations of the system of
Egs. (6), (7) and (8) are as follows:

Wij=C(Wisrj+ Wicrj) + Co(Wijuq +
Wij—1) + C3(Bije1 — Bij—1) + CuTyj + Cs  (10)
Bij = Ci(Bis1j + Bi—1) + Co(Bij+1 + Bijo1) +
Cs(Wyj1 — Wijo1) (11)
Tyj = Ci(Tisrj + Ticaj) + CoTijea + Tijo1) +
2 2
C6(VVL'+1,]' - Wi—1,j) + C7(I’Vi,j+1_Wi,j—1) +

2 2

CS(Bi+1,j —Bi_1y) + C9(Bi,j+1 —Bij-1) (12)

Where,

C. = k? _ n? C. = h?k

17 22z4k2)’ 72 7 2(n24k2) T T3 T a(nz4k?)

h%k%  Gr h2k? k?

Ca = S re &5 = 20w+ C6 T smerny LT
h? k?  M?Pr

C7 = Saern I 08 = Smin) rmz
2 2

Cg h M*Pr

= 8(h2+k?2) Rm?
Are constants.

The corresponding descretized numerical boundary
conditions are as follows

At the Hartmann walls

Wi,l = 0, Bi,l = O, Ti,l = 0

Wini1 = 0, Bin+1 = 0, Tint1 = 0 (13a)
forl1<i<m+1

At the side walls

Wl,j = O, Bl,j = O, Tl.j = 0

Wm+1,j =0,B1m+1 =0Ty ;41 =0 (13b)

forl<j<n+1

Where index i refers to x and j refers to y, m and n
denote the number of grids inside the computational
domain in the direction of X and Y respectively.
The computed values of W;; , B;; and T;;
appearing in the descretized Egs. (10), (11) and (12)
with dimensionless parameters M, Gr, Pr and Rm
using the boundary conditions (13a, 13b) have been
iterated. We repeat the process till the converged
solutions for W; ; , B; ; and T; ; in the grid points are
obtained.
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4. RESULTS AND DISCUSSION

In this study we are considering numerical study on
MHD mixed convection flow and heat transfer in a
vertical square duct in the presence of horizontal
uniform strong transverse magnetic field. The
system of algebraic equations have been solved
using Matlab programming (Mathews and Fink,
2009; Al-Khawaja and Selmi, 2010). Numerical
computations are carried out in the spatial domain
0<x<1 and 0<y<1. In this numerical
computation, we have considered h = k = 0.01 so
that the system is convergent and stable. Prandtl
number Pr gives no effect to the velocity and
induced magnetic field, as can be seen from Eqgs. (7)
and (8). The computed results for velocity, induced
magnetic field and temperature are shown and
drawn in terms of graphics for different flow
parameters. We have presented our computed
results for the following two cases:

4.1 Forced Convection with MHD Effects

Computed results obtained in the case of forced
convection, (Gr=0) with a uniform external
transverse magnetic field are reported. In this case
buoyancy force has no aiding effect on the mixed
convection, but the Lorentz force has an opposing
effect. The results are obtained for different values
of Hartmann number M, Prandtl number Pr and
magnetic Reynolds number Rm and presented in
Figs. 2 to 6.
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Fig. 2. (a) Current density [J,,J,] for M =
30; (b) Current density [J, Jy] for M = 50;
(c) Current density [J4,J,] for M = 80

In Figs. 2(a), 2(b) and 2(c) streamline plots of the
current density vector J across the duct cross section
are presented in xy-plane for M = 30, M = 50 and
M = 80 respectively for forced convection with
transverse magnetic field. It is evident, as presented
in figures, that current lines can not enter the
insulated walls and close completely inside the duct
cross section. Moreover, it can be noted that for
increasing values of the Hartmann number, the
closure of the current lines are segregated to a
narrow region near the Hartmann walls, where
consequently the effect of the Lorentz force is more
intense and large velocity gradient appear.
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In Fig. 3 we have presented the variation of
temperature distribution for fixed Re =1, for
various Pr, Rm and M for forced convection with
transverse magnetic field. It is evident from Fig.
3(a) that temperature increases as Pr increases.
Figure 3(b) represents that temperature decreases
with the increasing values of Rm. It is observed in
Fig. 3(c) that temperature distribution increases

for increasing values of Hartmann number M, this is
due to fact that internal heating caused by Joule heat
increases as M increases.
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Fig. 3. (a) Temperature at various Pr; (b)
Temperature at various Rm; (c) Temperature at
various M

The velocity distributions W along the duct axis are
presented in Figs. 4(a), 4(b) and 4(c) for M =
50,100 and 300  respectively  for  forced
convection with transverse magnetic field. It is
noticed that the velocity gradient is greater at the
walls normal to the direction of the magnetic field.
This effect is more relevant for increasing values of
the Hartmann number M.
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Fig. 5. (a) Induced magnetic field for M = 50;
(b) Induced magnetic field for M = 100; (c)
Induced magnetic field for M = 300

In Figs. 5(a), 5(b) and 5(c), the distribution of
induced magnetic field B for forced convection with
transverse magnetic field are plotted for M =
50,100 and 300 respectively. It is observed that B
become flatten for increasing values of Hartmann
number M. Moreover, current lines and magnetic
v field are almost orthogonal in almost all the duct
() cross section.
Fig. 4. (a) Velocity for M = 50; (b) Velocity for
M = 100; (c) Velocity for M = 300
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T-Temperature

(©
Fig. 6. (a) Temperature for M = 50; (b)
Temperature for M = 100; (c) Temperature for
M =300

In Fig. 6 temperature distributions are plotted for
forced convection flow at various Hartmann number
(@ M =50, (b) M =100 and (c) M =300. It is
evident from these figures that temperature
increases as M increases.

4.2 Mixed Convection with MHD Effects

Computed numerical results are reported in the case
of mixed (combined forced and free) convection.
Here both buoyancy and Lorentz forces influence
on the mixed convection flow. The buoyancy force
has an aiding effect on the mixed convection flow,
while the Lorentz force has an opposing effect. The
computed results for velocity, induced magnetic
field and temperature with various flow parameters
M, Gr, Pr and Rm are drawn in Figs. 7 to 10.

Welocity

WiiWelocity

(©
Fig. 7. (a) Velocity for M = 100, Gr = 100; (b)
Velocity for M = 100, Gr = 150 ; (c) Velocity
for M = 100, Gr = 200

In Fig. 7, velocity distributions are shown at fixed
Hartmann number M for various Grashof number
(@) Gr = 100, (b) Gr = 150 and (c) Gr = 200, itis
observed that velocity distribution increases for
increasing values of Gr in one half of the line y =
0.5, such type of behavior of velocity gradient is
caused by both Lorentz and Buoyancy forces in the
dynamics. Buoyancy force acts along the flow
direction and has aiding effect on the fluid flow, but
Lorentz force acts against the flow direction. In
Figs. 8 and 9 induced magnetic field and
temperature are presented for various Gr, it is
observed that the nature of induced magnetic field is
different from the forced convection flow.

B-Induced magnetic field

B-Induced magnetic field
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B-Induced magnetic field

Fig. 8. (a) Induced magnetic field for M = 100,

Gr = 100; (b) Induced magnetic field for M =

100, Gr = 150 ; (c) Induced magnetic field for
M =100, Gr =200

Variation of axial velocity and temperature
distribution for fixed values of M = 50 and Gr =
100 at various Rm are plotted in Figs. 10(a) and
10(b) respectively for mixed convection with
transverse magnetic field. It is observed from Fig.
10(a) that velocity decreases with the increasing
values of Rm. It is also evident from Fig. 10(b) that
temperature distribution decreases as Rm increases.
Figure 10(c) represents the temperature distribution
at various Pr, it is observed that temperature
increases for increasing values of Pr.

T-Temperature

T-Temperature
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Fig. 9. (a) Temperature for M = 100, Gr = 100;
(b). Temperature for M = 100, Gr = 150; (c).
Temperature for M = 100, Gr = 200
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Fig. 10. (a) Velocity at various ; (b)
Temperature at various Rm ; (c). Temperature
at various Pr
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5. CONCLUSION

As mentioned above, mixed convection flow of an
electrically conducting fluid in the square duct
driven by the constant pressure gradient along the
axis of the duct is affected by buoyancy and Lorentz
forces. Since the walls of the duct are kept at
constant temperature, so the buoyancy force only
has an aiding effect on mixed convection, there is
no reversal effect of buoyancy force but the Lorentz
force has an opposing effect. It is observed from the
Figs. 4 and 5 that the buoyancy force has no effect
on mixed convection flow when Gr =0 and the
dynamic system is strongly affected by Lorentz
force only. But, when Gr # 0 and M # 0 then both
buoyancy and Lorentz forces are important and both
affect the mixed convection. The results obtained
have shown that the effect of magnetic field has
great influence on the mixed convection heat
exchange and fluid flow in steady case, both in
terms of flow pattern modification due to Lorentz
forces and heat generation due to Joule effect.
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