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ABSTRACT 

The peristaltic flow of a copper water fluid investigate the effects of entropy and magnetic field in an 
endoscope is studied. The mathematical formulation is presented, the resulting equations are solved exactly. 
The obtained expressions for pressure gradient, pressure rise, temperature, velocity phenomenon entropy 
generation number and Bejan number are described through graphs for various pertinent parameters. The 
streamlines are drawn for some physical quantities to discuss the trapping phenomenon. 
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1. INTRODUCTION

Analysis of peristaltic flow has great practical 
importance and applications in many biological and 
biomedical systems. Such systems include the flow 
of urine through the ureter, the swallowing process 
through the oesophagus, the movement of 
spermatozoa in the ductus efferentes of the male 
reproductive tract, transport of lymph in the 
lymphatic vessels and in the vasomotion of small 
blood vessels such as arterioles, venules and 
capillaries. The literature on peristalsis of viscous 
fluid is by now quite extensive. Such relevant 
investigations include the works of Akbar et al. 
(2015), Mekheimer (2002), (2004), Akbar. (2014), 
Srinivas et al. (2009), Ebaid (2008 a, b), Akbar and 
Nadeem (2012). Misery et al. (2003) and Hakeem 
et al. (2002) talked about the effects of an 
endoscope on the peristaltic motion involving 
variable viscosity and generalized Newtonian fluids 
respectively. 

Recently, Mekheimer and Elmaboud (2008) 
examined the peristaltic flow of couple stress fluid 
in an endoscope. According to them, the effects of 
an endoscope on the peristaltic fluid is very 
important for medical diagnosis, and it has many 
clinical applications, such as it is a very important 
tool for determining real reasons responsible for 
many problems in human organs in which the fluid 

are transported by peristaltic pumping (e.g., 
stomach small intestine). The endoscope is also like 
a catheter which is used in contemporary medical 
science. Some important studies to the topic were 
included in (2008, 2011) 

The study of the peristaltic transport of a fluid in the 
presence of an external magnetic field and rotation 
is of great importance with regard to certain 
problems involving the movement of conductive 
physiological fluids, for example, blood and saline 
water. Pandey and Chaube (2011) investigated an 
analytical study of the MHD flow of a micropolar 
fluid through a porous medium induced by 
sinusoidal peristaltic waves traveling down the 
channel wall. 

Li et al., (1994) have concluded that an impulsive 
magnetic filed in the combined therapy of patients 
with stone fragments in the upper urinary tract. It 
was discovered that the Impulsive Magnetic Field 
activates the impulsive activity of the uretaral 
smooth muscles in 100% of cases. Mekheimer and 
Al-Arabi (2002) investigated the non - linear 
peristaltic transport of MHD flow through a porous 
medium was studied in non - uniform channels. 

It is also observed that heat transfer can be 
augmented through the improvement in the thermal 
properties of energy transmission fluids. If small 
solid particles in the fluid are suspended, then this 



N. S. Akbar et al. / JAFM, Vol. 9, No. 4, pp. 1721-1730, 2016.  
 

1722 

might be an innovative way of improving the 
thermal conductivities of fluids. Nanofluids are 
estimated to show the conventional heat transfer 
fluids as comparing with superior heat transfer 
properties (2003). This idea of suspensions of 
colloidal particles dubbed as nanofluids was given 
by Choi (1995), he was at the view that small 
amounts of metallic or metallic oxide nanoparticles 
are dispersed into water and other fluids. 

In thermodynamics, entropy is a measure of the 
number of specific ways in which a thermodynamic 
system may be arranged, often taken to be a 
measure of disorder, or a measure of progressing 
towards thermodynamic equilibrium. Non-
Newtonian .fluid flow in a pipe system with entropy 
generation is considered by Pakdemirli and Yilbas 
(2006): According to them entropy number 
increases with increasing Brinkman number. Souidi 
et al. (2009) discussed entropy generation rate for a 
peristaltic pump. Entropy generation due to heat 
and fluid flow in backward facing step flow with 
various expansion ratios is studied by Abu-Nada 
(2006). Further analysis could be seen through Refs. 
(Koo and Kleinstreuer (2004, 2005), Oztop et al. 
(2004), Dagtekin et al. (2005,2007), Oztop and 
Al-Salem (2012), Ramiar et al. (2012), Ghasemi,  
and Razavi (2012), Rashad et al. (2013)) 

Motivated by the above analysis, the purpose of this 
study is to analyze the effect of peristaltic flow with 
entropy generation in heat conducting nanofluids in 
the presence of magnetic field in an endoscope. It is 
important to note that the analysis could be applied 
to any nanofluid, a copper-water nanofluid is used 
as the model in this article. We also consider 
thermal conductivity model with Brownian motion 
(Koo and.  Kleinstreuer (2004)) for nanofluids, this 
gains the effects of particle size, particle volume 
fraction and temperature dependence. The analysis 
is performed under the well-established long 
wavelength and low Reynolds number 
approximations. The exact solution for the stream 
function, temperature and pressure gradient is 
given. All the physical features of the problems 
have been described with the help of graphs. 

2. MATHEMATICAL 
FORMULATION 

Here we discussed an incompressible peristaltic 
flow of copper nano fluid in an endoscope. The 
flow is generated by sinusoidal wave trains 
propagating with constant speed c along the walls 
of the tube. Heat transfer along with Entropy 
generation phenomena has been taken into account. 
The inner tube is rigid and maintained at 

temperature 0T  while the outer tube has a 
sinusoidal wave traveling down its walls and 

maintained at temperature 1T . The geometry of the 
wall surfaces is defined as 

1 1,R a                                                                  (1) 

 2 2 1
2

sin .R a b Z c t



     
                            (2) 

Fig. 1. Geometry of the problem. 
 

In the above equations 1a  is the radius of the inner 

tube, 2a  is the radius of the outer tube at inlet, b  is 

the wave amplitude,   is the wavelength, 1c  he 

wave speed, and t  the time. Introducing a wave 

frame  ( , )r z  moving with velocity 1c  away from 

the fixed frame ( , )R Z  by the transformations 

1 1, ,  ,  z Z c t r R w W c u U                   (3) 
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     (7) 

where P  is the pressure the ambient value of 

temperature denoted by 0T  ,w  and u  are the 

velocity components in the r  and z  directions, 

respectively, T  is the local temperature of the 
fluid. Further, nf  is the effective density, nf  is 

the effective dynamic viscosity,  pc  nf  is the 

heat capacitance, nf  is the effective thermal 

diffusivity, which are defined as (see Ref. Koo and  
Kleinstreuer 2004) 

 
      
      

1 ,
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where subscript nf , f  and s  stand for the 
nanofluid, base fluid and nanoparticle, respectively 
and   is the solid volume fraction, The 
corresponding boundary conditions in the wave 
frame are 

0 11,    ,    at ,w c T T r r                                (9) 

 1 21 2
2

,    ,    at sin ,w c T T r r a b z



       

              (10) 

The dimensionless parameters used in the problem 
are defined as follow 

 
 
 

2 2 1 1

01 2 2

1 0

2 2
2 21

, , ,  ,  ,  ,  

Re , ,  , Pr;

 ,  ,  ,

nf

p o
nf

nff f

R r Z z W w
R r Z z W w

a a c c

T Tc c a
Br Ec

T T

c B ak c
t t M

c c

 
  
 

  
   

     


   



   

 2
2

2 1 2 1 2
,  ,  1 sin 2

U u r
U u r z

a c a c a

          (11) 

After using the above non-dimensional parameters 
and transformation in Eq. (2)  employing the 

assumptions of long wavelength  0  ,  the 

dimensionless governing equations 

 without using bars  for nanofluid in the wave 

frame take the final form as 
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            (15) 

The non-dimensional boundaries will take the form 
as 

11,  at   .w r r                                                 (16) 

 21,  at   1 sin 2 .w y r z                       (17) 

1 20   at ,     1   at ,r r r r                        (18) 

Eq. ( 7 ) are considered to be independent of the 
movement of nanoparticles. The Brownian motion is 
claimed to play an important role in modifying the 
thermal conductivity and viscosity of nanofluids. 
Among the existing models that predict the thermal 
conductivity and viscosity of nanofluids with 
considering the Brownian motion, the models 
proposed by Koo and Kleinstreuer (2004, 2005) are 
utilized in the present study. These models have 
successfully been used by Ghasemi and Aminossadati  

(2013)  to study the effects of Brownian motion on 
laminar steady-state natural convection in a right 
triangular enclosure with localized heating on the 
vertical side. Note that these models were proposed 
based on water with copper oxide nanoparticles. 
Although the extension to other combinations of base 
liquids and nanoparticles may be justified, the material 
of the nanoparticles being considered in the present 
study are limited to copper only. In these models, it is 
assumed that the thermal conductivity and viscosity of 
nanofluids consist of two parts. One is referred to as 
the static part ( sk , s  ) that is evaluated by mixture 

models, i.e., the Maxwell model for thermal 
conductivity and the Brinkman model for viscosity , 
and the other part ( Bk , B  ) is attributed to the 

Brownian motion. The expression for predicting the 
effective thermal conductivity of nanofluids appears as 

.nf Bk Kf k                                                   (19) 

where Kf  is given by the 
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and  Bk  is expressed as [22] 
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B p envf
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T
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where   is the Boltzmann constant and its value 

is  231.38 10 / ,J K    sd  is the diameter of 

nanoparticles by assuming that these nanoparticles 
have a uniform size and are perfectly spherical i,e  

30sd nm , envT  is a reference temperature that is 

chosen as 0T  in the current study, 1  is a function 

of the volume fraction   of nanoparticles, which is 
given by 

 
 
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.
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         (22) 

and the function  ,envF T   is given by 

   
 

, 6.04 0.4705
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which is valid for 0.01 0.04   and  

300 325 .envK T K    

We choose 300envT K  in the present study, for 

the expression for the thermal conductivity, the 
thermal diffusivity of nanofluids is then given by 

 
.nf

nf
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k

c
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
                                              (24) 

The effective viscosity of nanofluids is given by 

.nf s BA                                                 (25) 
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where s  is evaluated by Brinkman model 

  2.51s nf                                                (26) 

and B  is expressed as 

 4
15 10 , .env

B nf env
s s

T
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d

   


              (27) 

The thermophysical properties, for pure water, 
copper are listed in Table 1  . 

Table 1 Thermal physical properties of water 
and Nanoparticles 

Physical Properties Water H2O Copper Cu 

ρ(kgm-3) 997.1 8933 

Cp 4179 385 

βx105(K-1) 21 1.67 

kxWm-1(K-1) 0.613 401 
 
Entropy generation can be defined as follows  
(Pakdemirli and Yilbas 2006, Souidi et al. 2009)  
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        (28) 

Dimensionless form of the Entropy Generation with 
the help of Eq. (10) due to fluid friction and 
magnetic field is given as: 

0
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            (29) 

The dimensionless form of GS  is known as entropy 

generation number SN  which is the ratio of actual 

entropy generation rate to the characteristic entropy 
transfer rate 

0GS  , which is defined as follows 
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Equation (28) consists of two parts. The first part is 
the entropy generation due to finite temperature 
difference (Nscond) and the second part is the 
entropy generation due to viscous effects (Nsvisc). 
The Bejan number is defined as (Nada, (2006)) 

.cond
e

cond visc
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
                                     (31) 

3. SOLUTION OF THE PROBLEM 

The exact solutions of the above equations are 
found as follows 
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The corresponding stream function can be defined 
as 

1 1
 and .u w

r z r r

  
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 
                               (37) 

The pressure rise p  is defined as follows 

1

0
,

dp
p dz

dz
                                                      (38) 

where the dp
dz

 is defined in Eq.   

The flow rate F  in non dimonsionalized form is 
given as  

2

2 1.
2

F Q


                                                   (39) 

3 4,C C   are constants and  [1], [2]K K    

evaluated using Mathematica  9 . 

4. RESULTS AND DISCUSSION 

In this section we study the behavior of the 
solutions in the form of graphs, for several 

values , Hartmann number ,M  and volume flow 
rate Q  has been carried out for both pure water and 
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copper water . The variation of Q  and M  on 

pressure gradient is shown in Fig. 2 , it shows that 
pressure gradient is decreasing on an increase in 
M  for both types of fluid it is also observed that 

pressure gradient is least in case of copper water 
where as the effect of M  is relatively larger in case 
of pure water. 

 

 
Fig. 2. Variation of pressure gradient /dp dz  for 

different flow parameters. 
 

In order to analyze pumping characteristics, 
numerical integration is performed and results are 
shown the variation of pressure rise per wavelength 

p  against time average flux Q  in Fig. 3 . Fig.3 

shows the effect of M  on pressure rise, it is 
observed that pressure rise increases by increase in 
M  in the region  0, 0p Q    while the 

opposite behavior is observed in the region  

 0, 0 .p Q    Figs.    4 4a c  to understand 

the variation of temperature distribution for 
different values of , M  and .Br  Fig.  3 a  

shows that    increases as we increase   for 

copper water fluid When we observe Figs.  4 b  

and   4 ,c  the same trend is observed for 

Hartmann number M  and Brinkman number  Br  

respectively, we have observed that by increasing 
M  and ,Br  temperature is increasing. 

 

 
Fig. 3. Variation of pressure rise p  for 

different flow parameters. 

 
a) 

 
b) 

 
c) 

Fig. 4. Variation of temperature profile   for 
different flow parameters. 

 

We have plotted Fig. 5   to illustrate the effects of 
pertinent parameters on velocity profile  w. It is 
observed from Fig. 5( )a  that velocity profile 
increases with increase in the value of     near the 

wall of tube 2r . However, opposite behavior is 
shown near the wall 1.r  i.e. along with the 
sinusoidal wall, volume friction increases the 
velocity of fluid. We have presented the Figs.5  b  

to obtain the variation of velocity profile u  for 
varying the magnitude of the parameters M  for 
both types of fluid. It depicts that velocity is 
decreasing with increase of M  along the wall  2r  
, but opposite behavior is shown along the rigid 
tube's wall 1.r  Figs 5( )c   show the variations of 

average flow rate Q  on velocity profile it depicts 

that velocity increases with an increase in Q  it is 

also observed that there is the least effect of Q  on 
velocity in the case of copper water as compare to 
pure water. 
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a) 

 
b) 

 
c) 

Fig. 5. Variation of velocity profile u  with for 
different flow parameters. 

 

We have presented the Fig. 6  to obtain the 
variation of entropy generation number sN  for 

varying the magnitude of the parameters  ,    

, ,M Br  and  . From Fig.  6 a  it depicts that  

sN  is increasing with increase nano particle 

volume friction parameter  . Figs 6  b  and 6 

 c  shows that sN  is directly proportional to the  

M  and Br  throughout the channel but 
considerable impact is not observed along the walls 
for both types of fluid in case of Hartmann number 
and the impact of copper water is observed more 
than pure water. Nevertheless Fig 6  d   shows the 

higher value of   displays least entropy. 

Figs. 7( ) 7( )a d  are prepared to analyze the Bejan 
number with respect to change in different physical 
constraints involved. Fig. 8( )a  depicts that with the 
increase in  , there is a increase in Bejan number. 

Fig.7  b  shows the variation of Bejan number for 

different values of M ,  we see that near the wall 
2r  Bejan number is not influenced to considerable 

degree while near the wall 1r  Bejan number is 

decreasing by increase in the values of .M  Fig.7 

 c  shows that there is an opposite behavior for 

Br  as we see for M . We have observed in Fig. 8 

 d  that eB  is increasing by increase in   but the 

impact on copper water is greater than the impact of 
pure water. 

Another important phenomenon in peristaltic 
transport is trapping. The formation of an internally 
circulating bolus of fluid by closed streamlines is 
called trapping and is pushed a head along with the 
peristaltic wave. The physical phenomena may be 
responsible for thrombus formation in blood and the 
movement of food bolus in gastrointestinal tract. 
Fig. 8  show contour maps for the streamlines with 
four values of   

 0.01, 0.02, 0.03, 0.04        copper water. 

It is noticed that bolus becomes Smaller when we 
give greater values of .   

Figs. 9  and 10  show the the effect of   Hartmann 
number M  on streamlines for pure water and 
copper water respectively it is shown that bolus 
becomes large as larger values of .M  Figs. 11  and 
12  show the effect of flow rate Q  on streamlines 
for pure water and copper water respectively it is 
shown that bolus becomes large as larger values of 

.Q   

5. CONCLUSION 

Interaction of Copper nanoparticles for the 
peristaltic flow in endoscope with the magnetic 
field is discussed, key points are observed as 
follows: 

1. It is observed that effect of nano particle friction 
on pressure gradient considerable impact i.e, more 
the volume friction, lesser the pressure gradient. 

2. It is observed that  temperature  increases as 
we increase Brinkman number and Hartmann 
number for both types of fluid. 

3. velocity is decreasing with increase of M along 
the sinusoidal wall , but opposite behavior is shown 
along the rigid tube's wall. 

4. It is observed that Entropy generation number are 
increasing with increase of Brinkman number. 

5. It is observed near the sinusoidal wall Bejan number 
is not influenced to considerable degree while near the 
rigid wall Bejan number is decreasing by increase in 
the values of Hartmann number. 

6. It is noticed that size, of bolus becomes smaller 
when we give greater values of nano particle 
volume friction for copper water. 
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Figs . 6.  Variation of entropy generation Ns for different flow parameters. 

 

 
Fig. 7. Variation of Bejan number eB  with for different flow parameters. 
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a                                           b                                            c                                          d 
Fig. 8. Stream lines of 2H O Cu  for different values of .  ( )a  for 0.01 ,   ( )b  for 0.02,   ( )c  for 

0.03,   ( )d  for 0.04.   The other parameters are 
6

1.0, 2.0, .Q M     

 

 
a                                             b                                           c                                           d 
Fig. 9. Stream lines of Pure 2H O  for different values of .M  ( )a  for 2.0 ,M   ( )b  for 2.1,M   ( )c  

for 2.2,M   ( )d  for 2.2.M   The other parameters are 
6

1.0, .Q    

 

 
a                                            b                                           c                                           d 
Fig. 10. Stream lines of 2H O Cu  for different values of .M  ( )a  for 2.0 ,M   ( )b  for 2.1,M   ( )c  

for 2.2,M   ( )d  for 2.2.M   The other parameters are 
6

1.0, .Q    

 

 
a                                             b                                          c                                            d 
Fig. 11. Stream lines of Pure 2H O  for different values of .Q  ( )a  for 1.0 ,Q   ( )b  for 1.5,Q   ( )c  for 

2.0,Q   ( )d  for 2.5.Q   The other parameters are 
6

2.0, .M    
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a                                               b                                         c                                          d 

Fig. 12. Stream lines of 2H O Cu  for different values of .Q  ( )a  for 1.0 ,Q   )(b  for 1.5,Q   ( )c  

for 2.0,Q   ( )d  for 2.5.Q   The other parameters are 
6

2.0, .M    
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