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ABSTRACT
A discrete vortex model coupled with a vortex dissipation and vortex core criteria is used to study the unsteady
ﬂow past two airfoils in conﬁguration. The unsteady wakes of the airfoils are modeled by discrete vortices and
time-stepping is used to predict the individual wake shapes. The coupled ﬂow is solved using a combined zeronormal ﬂow boundary condition and Kelvin condition which result in (2N + 2)X(2N + 2) equations. Results are
presented showing the eﬀect of airfoil-airfoil and airfoil-wake interaction on the aerodynamic characteristics
of the conﬁguration. The eﬀect of relative velocity, rate of pitching and phase-lag are studied on airfoil
performance and wake shape is predicted.
Keywords: Airfoil; Vortex interaction; Unsteady; Aero-dynamics; Numerical singularity.

NOMENCLATURE
Cl

coeﬃcient of lift

t
V

latest time step
airfoil velocity

Cm

coeﬃcient of pitching moment

Cd
c
ho

coeﬃcient of induced drag
airfoil chord length
amplitude of heaving motion



n̂
O, o

unit vector normal to a solid surface
origin of fixed and moving reference
frames
free-stream velocity
distance between free vortex and solid
surface

f

velocity potential
stream function
circulation of the airfoil

W
σ
ω
α

circulation of the wake
radius of the vortex core
angular frequency of heaving motion
angle of attack

U
r

1.

INTRODUCTION

Studies of unsteady aerodynamics of pitching airfoils
are in crucial need in wind turbines, more speciﬁcally
in rotorcraft dynamics. More recently, studies on
unsteady aerodynamics of airfoils have been
motivated by the prospect of utilizing the advantages
of large un-steady aerodynamic forces for aerospace
applications like increased maneuverability of
ﬁghter aircraft, use of micro-UAVs, which are
designed for very small payloads for remote-sensing
operations in areas of limited access and the use of
multi-UAVs in formation for surveillance purposes
to increase their longevity and endurance. In addition
to the knowledge required for unsteady ﬂow-ﬁeld



aerodynamics of single airfoils, in most of the
applications mentioned above, the airfoils also
operate in close proximity to each other so that their
ﬂow-ﬁelds overlap. Hence, an accurate estimate of
the ﬂow-ﬁeld and the knowledge of ﬂow patterns and
structures are inevitable for the successful design and
modeling of these applications.
The unsteady aerodynamics of airfoils has been
studied by researchers both as a practical problem as
well as an important fundamental one. Wu, Wang
and Tuncer (1986) studied the dynamic stall of an
airfoil pitched rapidly at a constant rate to large
angles of attack computationally. Greenwell (2004)
reviewed approaches to modeling the unsteady
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aspects of the aero-dynamic characteristics of
maneuverable aircraft. Hall and Clark (1993)
presented a linearized Euler solver to calculate the
unsteady ﬂows in turbomachinery blade rows due to
both incident gusts and vibrations of the blade.
Capece and Fleeter (1986) studied the eﬀects of
steady loading and the detailed aerodynamic forcing
on airfoil row unsteady aerodynamics at low reduced
frequency values.

and the strength of the wake vortices remains
unchanged. However, the location of the free
vortices is updated every time instant using a timestepping method. The presence of multiple airfoils
results in two types of numerical singularities: (a)
Free wake vortices interact and come
inﬁnitesimally close to each other. A vortex core
approach proposed by Chorin (1973) is used to
prevent such a scenario. (b) Free wake vortices
inter-act and come inﬁnitesimally close to the
airfoils. When this happens the vortices would be
expected to dissipate. However, since a potential
ﬂow solution is used here, vortex dissipation is
accounted for using a separate near-ﬁeld vortexsolid surface criterion.

The unsteady aerodynamics of pitching airfoils
involves an additional unsteady lift, which is due to the
vortex that forms near the leading edge during the
pitching motion and convects downstream. Fulayter,
Lawless and Fleeter (2002) studied the phenomenon of
dynamic stall itself besides the aerodynamics of
unsteady ﬂight. Jose and Baeder (2009) studied the 2D
unsteady aerodynamics of trailing edge ﬂap-tab airfoils
with overhang and gap both analytically and using
CFD. Bacic (2008) experimentally predicted and tested
the ac-curacy of the free ﬂight unsteady aerodynamics
of a pitching airfoil at high angles of attack.

2.1 Unsteady Discrete Vortex Model
An unsteady discrete vortex model is developed
starting with potential ﬂow on which corrections for
vortex dissipation are imposed and time-looping is
employed to evaluate the time instant behaviour of
the vortices being shed into the ﬂow ﬁeld.

Fritz and Long (2004) used an unsteady vortex lattice
method to study oscillating, plunging, pitching,
twisting and ﬂapping motions of a ﬁnite aspect-ratio
wing. M. Radmanesh et al. (2014) designed a novel
simple strategy to choose and accommodate an
airfoil based on the eﬀects of airfoil type and planform shape on the ﬂight performance of a micro air
vehicle by studying its unsteady aerodynamics.

Flow past two airfoils in conﬁguration is considered
and the camberline of each airfoil is discretised into
segments, on which lumped vortices are distributed.
On each segment a lumped vortex element is located
at the quarter chord and a collocation point, where the
‘zero normal ﬂow on a solid surface’ boundary
condition shown in Eq. (2) is satisﬁed is located at the
three-quarter chord as shown in Fig. 1a schematically.
For example, the velocity induced by a lumped vortex
element of circulation, Γ located at ( xo , zo ) , at an

A. Shokrgozar et al. (2016) studied the 3D
axisymmetric unsteady stagnation-point ﬂow and
heat transfer impinging on a ﬂat plate when the plate
is moving with variable velocity and acceleration
towards the main stream or away from it.

arbitrary point, P( x, z ) are given as in Eq. (1):

Husain, Abdullah and Yap (33) did a two-dimensional
analysis of tandem/staggered arranged airfoils of the
canard and wing of an Eagle 150 aircraft using
computational ﬂuid dynamics and also conducted
aerodynamic tests in an open-circuit wind tunnel.

z  zo

2 ( x  xo )2  ( z  zo )2

w

x  xo

2 ( x  xo )2  ( z  zo ) 2

(1)

Surface normals as shown in Fig. 1a are generated at
the collocation points and the zero-normal ﬂow
boundary condition is satisﬁed at the collocation
points on the actual camberline of the airfoil and not
on the chord line. For a diﬀerent angle of attack, the
inﬂuence coeﬃcients are generated by using an
updated deﬁnition of the surfaces normals and the
segment deﬁnitions are not re-generated.

In this work, an in-depth study is undertaken to
understand the eﬀect of two airfoils exhibiting
unsteady motion on each other, the change in
circulation, the motion of the trailing edge vortices
and their eﬀect on the airfoils. The aerodynamic
characteristics are scrutinized, for example the Cl vs
α plot is scrutinized to see what causes a spike, the
corresponding change in induced drag, location of
the trailing edge vortex shed from the leading wing
and the change in circulation.

2.

u

An unsteady solution involves accounting for the
change in circulation of the lifting surfaces at every
instant of time and hence update the strength of the
bound vortices of the lumped vortices given in Eq.
(1). This change in circulation is due to the change in
the strength of the bound vortices as well as the
induced velocities due to the free wake vortices shed
by both airfoils.

NUMERICAL PROCEDURE

The current numerical method consists of
extending an unsteady analysis of a single airfoil
and its wake using discrete vortices proposed by
Katz (2001) to include multiple airfoils and hence
multiple wakes. The airfoils are simulated using a
discrete lumped vortex model, where the zeronormal boundary condition is applied on the actual
camberline. Each of the multiple unsteady wakes is
simulated using trailing edge discrete vortices shed
from the airfoils at every time-step as shown
schematically in Fig. 1a. The ﬂow ﬁeld is force-free

For example, at time-step = 1, a single wake vortex
of strength  wA,1 is shed behind airfoil A and another
single wake vortex of strength  wB,1 is shed behind
airfoil B as shown in Fig. 1c. Therefore, at time-step
= 1, the strength of the bound vortices on both airfoils
is aﬀected by  wA,1 and  wB,1 .
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Fig. 1. Unsteady Lumped Vortex Model.

B
At time-step = 2,  wA,1 and  w
,1 move along with the

downwash or loss in lift as shown in Fig. 1d.

free stream making way for a new set of single wake

Kelvin condition is satisﬁed as shown in Eq. (3).
Hence, at every time instant, the strength of the free
wake vortices shed from earlier time-steps are known
and the free wake vortex shed in that particular time
instant is calculated using the Kelvin condition. The
strength of the wake vortices already shed does not
change but their positions are updated at every time
instant.

vortices of strength

 wA,2

B
and  w
,2

, which are shed

be-hind airfoils A and B respectively, as shown in
Fig. 1e. Therefore, at time-step = 2, the strength of
the bound vortices on both airfoils is aﬀected by  wA,1
B
A
B
, w
,1 ,  w,2 and  w,2

Therefore, the unsteady discrete vortex model
satisﬁes the Laplace equation or a steady-state
potential ﬂow solution at every instant of time, using
updated values of the strength of the bound vortices.

B
A
B
At time-step = 3,  wA,1 ,  w
,1 ,  w,2 and  w,2 move

along with the free stream making way for a new set
B
of single wake vortices of strength  wA,3 and  w
,3 ,

2.2 Boundary Conditions and Inﬂuence
coeﬃcients

which are shed behind airfoils A and B respectively,
as shown in Fig. 1g. Therefore, at time-step = 3, the
strength of the bound vortices on both airfoils is

By deﬁnition, the Kutta condition is satisﬁed by the
lumped vortex elements and it is not included into
the solution explicitly. The unknowns in this method
are the strengths of the bound vortices of the two
airfoils (2N in number) and the strengths of the most
latest shed trailing vortices (2 in number) from the
two air-foils.

B
A
B
A
aﬀected by,  wA,1 ,  w
,1 ,  w,2 ,  w,2 ,  w,3 and
B
w
,3 It is to be noted that if any of the vortices shed

from airfoil A, say Γ , 1 is ahead of the leading edge
of air-foil B, it causes an upwash or enhances lift as
shown in Figs 1c, 1e and 1g. On the other hand, if it
crosses the leading edge of airfoil B, it causes a
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 f 1,2N 1 



F 3  



 f N ,2N 1 

N 1

Boundary conditions imposed are the zero-normal
ﬂow on a solid surface boundary condition given in
Eq. (2), which accounts for the strengths of the bound
vortices and the Kelvin condition given in Eq. (3),
which ac-counts for the strengths of the latest shed
trailing vortices for each airfoil in the conﬁguration.
Both these conditions are used in tandem at every
time instant to generate the (2N + 2) × (2N + 2)
inﬂuence coeﬃcient matrix for the two airfoils in
conﬁguration, where N is the number of discrete
vortices used to simulate each airfoil. Finally, a
matrix equation given in Eq. (4) is solved at every
time instant for the strength of the bound vortices of
each airfoil (ΓN ) in the conﬁguration and the
strength of the latest wake vortices shed from each
airfoil (Γw,t). The subscript t denotes the latest time
step.

 g N 1,1 g N 1, N

F 1  

 g 2 N ,1 g 2 N , N


Then, F1ΓA is the inﬂuence of the bound vortices
of airfoil A on itself. F1ΓB is the inﬂuence of the
bound vortices of airfoil B on airfoil A. G1ΓA is
the inﬂuence of the bound vortices of airfoil A on
airfoil B. G2ΓB is the inﬂuence of the bound
vortices of airfoil B on itself. ΓWA and ΓWB are
the strengths of the latest shed trailing vortices from
airfoil A and B respectively. F3ΓWA is the
inﬂuence of the latest shed trailing vortex from airfoil A on airfoil A. F4ΓWB is the inﬂuence of the
latest shed trailing vortex from airfoil B on airfoil
A. G3ΓWA is the inﬂuence of the latest shed
trailing vortex from airfoil A on airfoil B. G4ΓWB
is the inﬂuence of the latest shed trailing vortex
from airfoil B on airfoil B. The ﬁrst two rows of the
inﬂuence coeﬃcient matrix are a statement of the
zero-normal ﬂow boundary condition on both the
airfoils.

nˆ  nˆ( X ,Y , Z , t )

 F1

 G1
 L1

 M1

 g N 1,2 N  2 



G 4  



 g 2 N ,2 N  2 

N 1
 (WB ,t )N 1

L 3  M 4  (1)1N

 f 1,N 1 f 1,2N

F 2  

 f N ,N 1 f N ,2N


L 2  M 1  (0...0)1N
L 4  M 3  (0)1N

surfaces of an airfoils j th element is given as:

j 
p j  ρ (U (t )  uW ,W (t )  wW ) j . j


l j 

 xj
ρ  γ( x0 , t ) dx0
t 0

j 
p j  ρ (U (t )  uW ,W (t )  wW ) j . j


l j 


or


( x j , t )
t

j 
p j  ρ (U (t )  uW ,W (t )  wW ) j . j

l j 

ρ

(2)

 j
 k
t k 1

Where, U(t) and W(t) are the components of the free
stream velocity, uW and wW are the velocity
components induced by the wake vortices on the
airfoil,  j is the unit vector tangential to the surface

(4)

of segment j of the airfoil,  j is the strength of the
bound vorticity on segment j.
As seen above, the ﬁrst two terms in the expression
for pressure are for the steady state case. The second
unsteady term is due to the accelerated ﬂow and also
contributes to the pressure diﬀerence. This ﬁrst order
time derivative is calculated as:

where






 N N

WB

  N 1 



B  


 

 2 N N 1

The pressure diﬀerence between the upper and lower

F2

 f 1,1 f 1,N

F 1  

 f N ,1 f N ,N


N 1

L 1  M 2  (1...1)1N

ρ





(
rhs
)
B


 
 WA 2  ...  WA,t 1 
WA

1


   WB 1  WB  2  ...  WB ,t 1 








 N N

 g N ,2N 1 



G 3  



 g 2N ,2 N 1 



(3)

F3 F 4 A 


G 2 G3 G 4    B 

L 2 L3 L 4   WA 

 
M 2 M 3 M 3   WB 
(rhs) A

 1

A  


 N







 N N

or
d  d  f (t ) d  w


0
dt
dt
dt







 N N

 g N 1, N 1 g N 1,2 N

G 2  

 g 2 N , N 1 g 2 N ,2 N


WA  (WA ,t )N 1

The last two rows of the inﬂuence coeﬃcient matrix
are a statement of the Kelvin condition on both the
airfoils individually.
(  U )nˆ  0;

 f 1,2 N  2 



F 4  



 f N ,2N  2 

N 1







 N N

( x j , t2 )  ( x j , t1)

( x j , t ) 
t
t
j

( xk , t2 )  ( xk , t1)
;
t
k 1
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Whenever a wake vortex satisﬁes this condition, its
inﬂuence on the ﬂow-ﬁeld, i.e. the velocity induced
by it on the bound vortices, wake vortices and hence,
the wake shape is ignored since it is considered
dissipated. The strength of this vortex is however
continued to be used to satisfy the Kelvin condition
even after this condition is met as the ﬂow-ﬁeld is
considered to be force-free and the net vorticity of
the ﬂow-ﬁeld remains constant.

Hence, the aerodynamic loads are as follows. 1. Lift
N

0 (p )cosαdx   p j l j cosα j
x

L 

j 1

x

j

0

l j

= ρ  (U (t )  uw ,W (t ),w W ) j . j
+ ρ


t

xj

0

cosαdx

γ(x 0 ,t )dx 0 cosαdx

r  0.08c

2. Induced Drag

D 

2.4 Near-Feld Vortex-Vortex Interaction
N

0 (p )sin αdx   p j l j cosα j
x

In the current problem, multiple airfoils shed
multiple set of free wake vortices into the ﬂow ﬁeld,
which travel freely with the free-stream and interact
with each other. When the distance between two such
free wake vortices becomes inﬁnitesimal as shown in
Fig. 1h, computation-ally this condition leads to
numerical singularities. To counter this condition, a
vortex core approach is taken, where a radius σ is
scooped out about the vortex and the stream function
criteria suggested by Chorin (1973) is used as given
in Eq. (6). This prevents any inﬁnite velocities due to
two vortices coming too close to each other. In the
current work, σ = 0.08c.

j 1

x

j

0

l j

= ρ  (U (t )  uw ,W (t ),w W ) j . j
+ ρ


t

xj

0

sinαdx

γ(x 0 ,t )dx 0 sinαdx

3. Pitching Moment about the Leading Edge of the
airfoil
N

M 0    p j cosα j l j x j
j 1


  log r
  
 2


Where α is the angle between free stream velocity
and the unit normal to the segment j.
Hence, the aerodynamic coeﬃcients are:

Cl 

L
1
ρU 2 c
2

, Cdi 

(5)

D
1
ρU 2 c
2

, Cm 

r
 log  
 
r ;
2



r 



(6)

Where r is the distance between two free vortices and
σ is the radius of the core scooped out about the free
vortex. The vortex dissipation criteria in Eq. (5) and
vortex core criteria in Eq. (6) depend on the airfoil
chord length and in our current study the suitable
ranges of r and σ arrived at by inspection are: (710)%c. This same value is used for all results
generated and for validation.

M0
1
ρU 2 c
2

2.3
Near-Feld Vortex-solid Surface
interaction
With time, the free vortices shed into the wake travel
and change their original locations along with the
free-stream. A time-stepping method is used to
update the location of the shed vortices at the end of
each time step. In the current problem since multiple
airfoils are present in the ﬂow ﬁeld, the wake vortices
of the leading airfoil interact with the trailing airfoil
before travelling with the free-stream as shown in
Fig. 1f. Computation-ally, this condition will lead to
numerical singularities and physically, it is expected
that a free vortex will dissipate when it hits a solid
surface. This has been re-ported in literature as well,
for example, it was observed by Fage and Johansen
(1927) and Nakagawa (1988) that vortices which are
too close to the surface of a plate, dissipate by the
action of viscosity. In the present work, the eﬀect of
dissipation of the vortices is taken into ac-count
using the condition given in Eq. (5), where r is the
distance between a free vortex in the ﬂow ﬁeld and a
solid surface.

3.

RESULTS

Results are presented for a conﬁguration consisting
of two airfoils as shown in Fig. 1b. The leading
airfoil is denoted as A and the trailing airfoil is
denoted as B. A ﬁxed reference frame, (X, Y) is
attached to airfoil A and the origin, O (0, 0) of this
reference frame is located at the leading edge of
airfoil A. A moving reference frame, (x, y) is
attached to the trailing airfoil B and the origin of this
reference frame o(X0, Y0) is located at the leading
edge of airfoil B. Note that X0 and Y0 are calculated
with respect to the ﬁxed reference frame, (X, Y).

3.1 Unsteady Wake Vortices of Tandem
Airfoils Set Into Motion with Sudden
Acceleration
The Cl (t ) from the current work for two NACA0012
airfoils in conﬁguration, each of chord length, c = 1
shown in Fig. 1b is compared with the analytical
results of Wagner (1925) for a single airfoil. The
airfoils in the present analysis and that of Wagner are
at an angle of attack of 5o and set into motion with a
sudden acceleration.

The relation in Eq. (5) is arrived at by conducting numerical tests, which show that if r is greater that
8%chord, the method is unable to capture the
unsteady nature of the ﬂow-ﬁeld accurately. Also, if
r is less than 8% chord, say, r = 0.05c, it does not
give any additional information about the ﬂow ﬁeld.
Hence, r = 0.08c is used as a cut-oﬀ point.
3091
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Fig. 2. Airfoils in Conﬁguration.

Fig. 3. Wake Shape.
Since Wagner’s analytical result is for a single
airfoil, the distance between the two NACA0012
airfoils in the present analysis is taken as 50. It is
expected that at such a large distance, the inﬂuence
of the airfoil bound vortices and the wake vortices on
each other will be minimal.
The plot of

tandem for the conditions shown below and as shown
in Fig. 4a.
α  3  10sin ωt ,

c
 0.1,
2U 

tU 
1
c

c
. The results
4
from the present work are compared with those of
Mc-croskey (1981) and Maskew (1988) which are
for single airfoils. Hence, the present results are
d
generated for  5000 .It is seen that there is no
c
diﬀerence in the performance of both airfoils and
they exactly match. They behave like single
operating airfoils as they do not interact since the
distance between them has been taken to be very
large. The comparison with literature is good. The
wake shapes can be seen in Fig. 4b and the result
emphasizes that the airfoils do not interact given the
distance between them.

The pitch axis is at the quarter chord,

Cl (t )
U t
vs  for both airfoils is
c
Cl ( steady )

Cl (t )
Cl ( steady )
values of both airfoils exactly match each other and
the comparison with the analytical result is also
good. There is how-ever, some disagreement of the
current result with that of Wagner at very small time
U t
steps, i.e.   1. This may be attributed to the loss
c
in accuracy due to the constraints of a typical
numerical approach and de-creasing the time-step
does not improve the result. This problem is not
expected in an analytical approach as that of Wagner.

shown in Fig. 2a. It is seen that the

3.3 Behavior of Wake Vortices of Tandem
Non-Interacting Heaving Airfoils

Fig. 2b shows the circulation distribution, Γ(t) vs
U t
U t
and Fig. 3 shows the vortex roll up at   1
c
c
for both airfoils from the current analysis. As
expected the result shows that both airfoils are
unaﬀected by the presence of each other. Results for
the circulation and wake shape are not available from
Wagner for comparison.

The conﬁguration of two NACA0012 airfoils as
shown in Fig. 1b is subjected to heaving motion.
Wake shape of both the airfoils predicted using the
present numerical method is compared with the
computational and experimental results of Katz and
Weihs (1978) for a single airfoil. In this case too,
since the results of Katz and Weihs are for a single
airfoil, the distance between the two airfoils in
conﬁguration is taken as 100c. It is expected that at
such a large distance, the inﬂuence of the airfoil

3.2 Wake Vortices set oﬀ by Non-Interacting
Airfoils Pitching in Tandem
The plot of Cl  α for both airfoils, pitching in
3092
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Fig. 4. Airfoils Pitching in Conﬁguration.

Fig. 5. Wake of Single and Tandem Heaving Airfoils.

bound vortices and the wake vortices on each other
will be minimal. The parameters of heaving motion
are as follows:

3.4 Eﬀect of Trailing Edge Vortices on the
Performance of Interacting Tandem Airfoils

h
ωc
tU 
 8.5;
 1.56 / s; o  0.019;  26.77c / s
2U 
c
c
The experimental and numerical results of Katz and
Weihs are shown in Figs. 5a and 5b respectively. The
wake shape from the current analysis for both airfoils
are shown in Figs. 5c and 5d. It can been seen that
there is no interaction between the airfoil bound
vortices and wake vortices due to the 100c distance
between them and hence the wake shape of both
airfoils are not diﬀerent from each other.

A comparison between the results from the present
study and the computational results of Platzer (1993)
for airfoil and wake interaction is presented here. For
a conﬁguration of two NACA0012 airfoils,
( X o ,Yo )  (0.5c,0.2c) , Platzer’s numerical code
could not account for the interaction of the vortices
shed from the leading airfoil with the trailing airfoil
surface for such minimal distances. They had to
therefore adjust the conﬁguration in such a way that
the vortices do interact but they do not come close
enough to induce inﬁnite velocities in the numerical
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Fig. 6. Tandem Airfoils Interacting with their Wakes.

solution. Hence, they used the con-ﬁguration
( X o ,Yo )  (0.5c,0.2c) where the airfoils are also

causes a corresponding large downwash on airfoil B,
which therefore sees a sharp decrease in its Cl .

undergoing a step change in angle of attack from 0

The eﬀect of the strong trailing vortex shed by airfoil
A wanes with increasing distance. In this case, it is
U t
seen that the eﬀect is minimum at   0.3 . After
c
this, the eﬀect of the angle of attack of individual
airfoils and their eﬀect on each other (i.e. the
downwash of airfoil A on airfoil B and upwash of
airfoil B on airfoil A) take precedence. Platzer’s
results on the other hand are similar to that of a single
airfoil case of Wagner shown in Fig. 2.

to 5 .
The results for this conﬁguration without the step
change in angle of attack is generated with the
present code and presented in Fig. 6. The results
show individual cases of diﬀerent angles of attack for
the airfoils in conﬁguration. The present numerical
scheme accounts for the interaction of vortices with
solid airfoil surfaces as well as with each other at
minimal distances without inducing any inﬁnite
velocities in the ﬂow-ﬁeld. Sharp changes in Cl (t )

3.5 Eﬀect of Relative Velocity of Tandem
Airfoils on Wake Vortices

U t
for   0.3 are observed for both airfoils. For the
c
leading airfoil, the ‘cusp’ of Cl increases with
increase in the angle of attack. In other words, the
Cl drops to a minimum and then sees a sudden jump

As seen earlier, the eﬀect of the trailing vortices
wanes with increasing distance from the airfoils. In
this case, the leading airfoil A is set into motion with
sudden acceleration with a velocity of VA  15m / s .
The trailing airfoil is also set into motion with a
sudden acceleration but with a ﬁnite relative velocity
with respect to airfoil A. Three such velocities are
considered, namely, VB  20,25,30m / s . The
starting location of the leading edge of the trailing
airfoil B is o( X o ,Yo )  (6c, c) and both airfoils are at

U t
 0.3 . For the trailing airfoil, the Cl
c
decreases but less than the leading airfoil and at
U t
 0.3 , it drops sharply. The drop in Cl of
c
airfoil A can be attributed to the fact that the strength
of the trailing edge vortex shed by the leading airfoil
A and the corresponding downwash caused by it on
itself increases with the increase in its angle of
attack. The same trailing edge vortex shed from
airfoil A initially causes an upwash and hence an
increase in Cl of the trailing airfoil B. Essentially,

at

an angle of attack, α A  α B  3 . The origin O(0, 0)
is located at the leading edge of the leading airfoil A.
The Cl of airfoil A shown in Fig. 7a, which consists
of three peaks and three troughs corresponding to the
relative velocities of VB  VA  5,10,15m / s . The
highest and sharpest peak corresponding to the
maximum relative velocity of 15m/s occurs ﬁrst at
U t
 4 and the lowest and least sharp peak
c
corresponding to the mini-mum relative velocity of
U t
5m/s occurs last at   14 . Given that the Cl is
c
calculated using the instantaneous circulation, the
d
sharp peaks and troughs mean that
is signiﬁcant.
dt

U t
 0.3 , the eﬀect of this trailing edge
c
vortex on both airfoils takes precedence over the
eﬀect of angle of attack of the individual airfoils.

for 0 

U t
 0.3 , the trailing edge vortex just
c
crosses the leading edge of airfoil B. At this point,
airfoil A sees a sharp spike in its Cl as now the

However, at

upwash of airfoil B and the eﬀect of its own angle of
attack dominates. This sharp spike in Cl of airfoil A
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Fig. 7. Airfoils with Relative velocity: Cl.

Fig. 8. Airfoils with Relative velocity: wake strength.

distances be-tween the airfoils is shown in Fig. 10b.
It can be seen from Fig. 10a that for the ‘kink’ located
at A, the corresponding relative distance is ≈ 3 as
shown in Fig. 10b. A schematic of the location of the
two airfoils in this position is shown in Fig. 10c.
Similarly, for the location B, the relative distance is
1, which means that the air foils are ‘bumper to
bumper’ as schematically shown in Fig. 10d. For
position C, the relative distance is zero, which means
that the leading edges line up as shown in Fig. 10e.
Such ‘kinks’ in the Cl plot are also present for the
relative velocities of 10 and 15m/s and can be
explained the same way.

This shows up in the Cl plot, especially for the
relative velocities of 10 and 15m/s, where there are
signiﬁcant Cl maxima and minima.
For airfoil B, three cusps in the Cl are seen
corresponding to the three relative velocities as
shown in Fig. 7b. Again, the large values of dΓ show
up in the Cl plot of dt airfoil B as maxima and
minima points.
The evolution of the strength of the wakes with time
is shown in Fig. 8.
Corresponding to the increasing Cl , the induced
drag also increases as seen in Fig. 9a but around
U t
 6 , when the Cl sees a sharp drop, the induced
c
drag also sees a sharp drop. These lowest induced
drag points mean that at this point the airfoil is
experiencing a forward thrust, which increases with
increase in relative velocity.

It can also be seen from Fig. 7 that till

U t
 2 the
c

curves merge but after this time, the slopes become
different for diﬀerent relative velocities. In other
words, slopes increase with increase in relative
velocity. For example, for the curve corresponding to
a relative velocity of 15m/s, the Cl increases till
U t
 4 . During this time, it can be seen from Fig.
c

This can be explained further with the help of Fig.
10, where the locations of the three ‘kinks’ in the Cl
plot corresponding to the relative velocity 5m/s are
marked in Fig. 10a. The corresponding relative

8a, the trailing edge vortex has negative strength,
which causes an upwash and hence an increased Cl
. Around U t  4 , however, the strength sees a sharp
c
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Fig. 9. Airfoils with Relative velocity: Cd .

Fig. 10. VA = 15m / s,VB = 20m / s .

Fig. 11. Airfoils with Relative velocity: wake shape.
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Fig. 12. Pitching: Tandem Airfoils vs Single Airfoil.

U t
6
c
. It is at this time, the Cl also sees a sharp drop since
now the trailing edge vortex causes a large
downwash on the airfoil. At this time the airfoils are
in position B shown in Fig. 10d. Soon after this, the
trailing edge vortex ’dies’ as shown by its zero
strength in Fig. 8a. Therefore, the airfoils are now
dominated by themselves and not the trailing vortex.
It is seen from Fig. 11a that the wake is not
signiﬁcant for airfoil A but there is a signiﬁcant rollup of the wake vortices for the trailing airfoil B with
the traces of a secondary roll-up as well.

α  3  10sin ωt ,

positive spike which reaches a maximum at

c
 0.1;U   15m / s;ω  3c / s
2U 

It is seen from Figs 12a and 12b that compared to the
single airfoil, the leading airfoil in the conﬁguration
generates greater circulation, Γ(t) and corresponding
greater Cl (t ) for the cycle starting at α  5 ,
reaching a maximum of α  13 and cycling back to

α  5 . Both the leading and single airfoils have the
same starting Γ(t) and Cl (t ) as expected at α  5 .
The trailing airfoil, on the other hand, has a greater
starting Γ(t) and Cl (t ) at α  5 compared to both
the single and leading airfoils. However, it generates
lesser Γ(t) and corresponding lesser Cl (t ) during the

3.6 Single Airfoil and Conﬁguration of Two
Airfoils: A Comparative Study of their
Pitching Motion

cycle between α  10 and α  5 compared to
both the single and leading airfoils. The hysteresis in
Γ(t) as well as Cl (t ) is much larger for the leading
airfoil than the trailing airfoil. In fact, for the trailing
airfoil, the hysteresis is almost negligible.

Since the ﬂow ﬁeld around a single airfoil is diﬀerent
when it is in a conﬁguration with another airfoil, it is
expected that there will be diﬀerences in their
aerodynamic characteristics as well. Hence, a
comparison of the same for both airfoils pitching is
presented here for the following operating
c
conditions. The pitch axis is at the quarter chord, .
4
d
Additionally, for the tandem airfoils,
 1.5.
c

It is also seen from Figs 12c and 12d that around

α  6 and α  1 there are abrupt changes in the
coeﬃcients of pitching moment, Cm and induced
drag, Cd for the trailing airfoil B. This can be
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Fig. 13. Pitching: Tandem Airfoils vs Single Airfoil, Wake.

Fig. 14. Only Leading Airfoil Pitching: Cl and Cd .

α  6 and hence a decrease in Cl (t ) as seen in
12b, which in turn causes a decrease in the nosedown or negative Cm (t ) as seen in 12c and a

explained using Fig. 13b as follows.
It is seen in Fig. 13b that for α  6 , there is a slight
increase in  w (t ) , which is the strength of the
trailing vortex of airfoil B. The strength is still
negative, which indicates that the sense of the vortex
is counter-clockwise. This increase in strength of
 w (t ) causes additional downwash on airfoil B,
which is an additional vertical component of velocity
in the direction opposite to lift, i.e. downwards. This
causes a decrease in the eﬀective angle of attack, α at

corresponding decrease in the induced drag Cd (t ) as
seen in 12d.
At α  1 as seen in Fig. 13b there is a slight increase
in the positive or clockwise  w (t ) . This causes an
upwash on airfoil B, which is an additional vertical
component of velocity in the direction of lift, i.e.
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Fig. 15. Only Leading Airfoil Pitching: wake strength and roll-up.

upwards. This causes an increase in the eﬀective

α B  5 ; U   15m / s;

angle of attack, α at α  1 and hence an increase in
its Cl (t ) as seen in 12b, a corresponding increase in

d
 1.5
c

As seen in Fig. 14a the lift-hysteresis is nominal for
the leading airfoil. On the other hand, it is interesting
to note that although the trailing airfoil is not
pitching, its Cl undergoes a sinusoidal pattern. The

the nose-down or negative Cm (t ) as seen in 12c and
a large increase in the negative Cd (t ) as seen in 12d.
It is seen from 12d that unlike airfoil A and the single
airfoil, the Cd (t ) of airfoil B hovers around zero and

Cd in Fig. 14c shows considerable hysteresis for the
leading airfoil while that for the trailing airfoil
hovers around zero accompanied by negative spikes.
As seen in Fig. 15a and 15b the leading airfoil has
nearly zero wake roll-up while the trailing airfoil
shows limited wake roll-up for ω A  1rad / s but

negative even for α=12 , which is a post-stall angle
of attack for the single and leading airfoils. Then
negative Cd (t ) indicates that the trailing airfoil is
generating thrust at a post-stall angle of attack, which
can be a major advantage.

considerable wake roll-up for ω A  3rad / s along
with marked secondary roll-up. This can be
explained using Figs 15c and 15d, which shows large
hysteresis in  w for airfoil A. For airfoil B,  w is not

Finally, as seen in Fig. 13a there is almost no wake
roll-up for airfoil A, while airfoil B has roll-up
similar to the single airfoil with traces of a secondary
roll-up.

signiﬁcant and hovers around zero for ω A  1rad / s
but for ω A  3rad / s it is signiﬁ-cant and marked by
both positive and negative peaks.

3.7 Eﬀect of Only the Leading Airfoil Pitching
on Conﬁguration of Airfoils
Results presented here are for a case study of tandem
airfoils, where only the leading airfoil is pitching:

4.

CONCLUSION

A numerical study of the ﬂow-ﬁeld around tandem
airfoils exhibiting unsteady motion is undertaken
using an unsteady discrete vortex method. Various
cases of un-steady motion are studied to gain insights

α A  3  10sin ωt;U  15m / s;ω A  1c / s,3c / s
The trailing airfoil is stationary at:
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into the eﬀect of the trailing edge vortices on the
performance of the airfoils. Interaction of free wake
vortices with the air-foils as well as with each other
is studied. While a free wake vortex dissipates as it
encounters an airfoil, numerical singularity arises
when two such vortices come very close to each
other.
It is found that the counter-clockwise trailing edge
vortex shed from the leading airfoil in the immediate
time-instant is very strong and its eﬀect on both the
air-foils dominates the ﬂow ﬁeld, namely causing a
strong downwash on the leading airfoil and a strong
upwash on the trailing airfoil. As it moves
downstream, its eﬀect on the airfoils wanes.
However, as it crosses the leading edge of the trailing
airfoil, due to its position, the counter-clockwise
vortex now causes a strong downwash on the trailing
airfoil. As a result, the circulation of the trailing
airfoil changes abruptly resulting in abrupt changes
in its Cl and Cd .
Strong wake roll-up is seen for the trailing airfoil due
to the additional circulation of the trailing edge
vortex shed by the leading airfoil as well as that shed
by the trailing airfoil itself. For the leading airfoil on
the other hand, there is no signiﬁcant wake roll-up.
The eﬀect of relative velocity, rates of pitching and
phase lag on the strength of the trailing edge vortex
and its movement is found to be signiﬁcant. Hence,
the method developed here is simple and eﬀective to
study the ﬂow-ﬁeld around interacting airfoils.
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