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ABSTRACT 

Natural convective heat transfer of Fe3O4/graphite slurry in a square cavity is numerically examined. The slurry 
is assumed to be a non-Newtonian ferrofluid under a variable external magnetic field. The left and right walls 
of the cavity are assumed to be at a relatively low temperature (Tc), while the horizontal walls are thermally 
insulated. A heat source with a variable temperature distribution is located at the bottom of the enclosure. The 
non-Newtonian behavior of the graphite slurry (a mixture of ethylene glycol and graphite powder) has been 
modelled using experimental results. The control volume method and the SIMPLE algorithm were used to 
discretize and solve the governing equations considering the Ferro-hydrodynamics (FHD), the Magneto-
hydrodynamics (MHD) and the non-Newtonian fluid behavior. The heat transfer and fluid flow properties are 
determined for different locations of the magnetic field source, and different values of the magnetic number 
(Kelvin force), and the Hartmann number (Lorentz force). The results show that when the magnetic field source 
is located below the enclosure and near the heat source, the vortices are strengthened resulting in an increased 
heat transfer. The heat transfer rate is affected by FHD and MHD. When the magnetic field source is located at 
the corner points, the heat transfer rate is not significantly affected by the magnetic and Hartmann numbers. 
However, once the magnetic field source is located near the central point of the lower wall of the enclosure, the 
heat transfer rate is influenced by the increase of the magnetic number.  

Keywords: Ferrofluid; non-Newtonian; Magnetic field; Ferrohydrodynamics (FHD); Magnetohydrodynamics 
(MHD).

NOMENCLATURE 

,a b  location of magnetic source  h convection heat transfer coefficient 

,a b  
dimensionless location of magnetic 
source,ܽ ൌ ,ܮ/̄ܽ ܾ ൌ ሜܾ/ܮ 

k thermal conductivity 

A  surface of enclosure L enclosure length 

B magnetic induction,ܤ ൌ ܪ଴ሺߤ ൅ܯሻ  ܽܪ௙
∗ 

extended Hartman number, 

௙ߙ௙/൫ߪ଴ටܪ଴ߤ௡ܮ
௡ିଵߢ௙൯ 

,B Bx y magnetic induction components,
ܤ ൌ ௫݅ܤ ൅  ௬݆ܤ

,H Hx y
components of the magnetic field 
intensity (ܪሜ ൌ ሜ௫݅ܪ ൅  ( ሜ௬݆ܪ

Cp specific heat H
magnitude of the magnetic field 
strength  

d   
perpendicular spacing of the sides of the 
enclosure 

,H Hx y  dimensionless components of the
magnetic field intensity 

Ec f
 extended Eckert number, 

௙ߙ௙ߢ
௡/ ቀൣܥߩ௣൧௙ሾ ௛ܶ െ ௖ܶሿܮଶ௡ቁ

J
electric current density, 
ߘ ൈ ܪ ൌ ሺܸߪ ൈ  ሻܤ

g gravitational acceleration  k  constant parameter 

Mn f
 extended magnetic number arising from 

FHD 
   magnetic field strength at the source 
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଴ܪ଴ߤ
ଶ݇ᇱሺ ௛ܶ െ ௖ܶሻܮଶ௡/൫ߙ௙

௡ߢ௙൯ 

M magnetization, ሺ݇ᇱܪሜ ሾ ௖ܶ
ᇱ െ ܶሿሻ ij strain rate  

n power-law index   consistency index 

Nus
local Nusselt number on the heat source, 

௦ݑܰ ൌ െడఏ

డ௒
ቚ
௒ୀ଴.଴

a apparent viscosity 

Num

average Nusselt number 

௠ݑܰ ൌ
1

௦ܹ௢
න ௦௢ሺܺሻ݀ܺݑܰ
௑ೞା଴.ହௐೞ೚

௑ೞି଴.ହௐೞ೚

 a dimensionless apparent viscosity 

p fluid pressure 0
magnetic permeability of vacuum 
ሺ4ߨ ൈ 10ି଻ܶ݉/ܣሻ

p  modified pressure,݌ ൅ 1 ݕ௖݃ߩ
temperature number 
ሺ ௖ܶ/ሺ ௛ܶ௠௔௫ െ ௖ܶሻሻ

P dimensionless pressure, ܮ݌ଶ/ߙߩଶ 2
Curie temperature number 
ሺ ௖ܶ

ᇱ/ሺ ௛ܶ௠௔௫ െ ௖ܶሻሻ

Prf
 extended Prandtl number,  

௙ߙ௙ߩ௙/൫ߢ
ଶି௡ܮଶ௡ିଶ൯ 

 non dimensional temperature 

Ra f


extended Rayleigh number, 
ଶ௡ାଵሺܮ௙ߚ݃ ௛ܶ െ ௖ܶሻ/ߙ௙

௡ߢ௙ߩ௙
ିଵ 

  density 

t  time   electrical conductivity  

T temperature    stress tensor  

Tc Curie temperature    percentage of nanoparticles 

,u v velocity components in x,y directions max maximum stream function 

,U V dimensionless velocity components 
ሺߙ/ܮݑ,  ሻߙ/ܮݒ

wso  heat source length Subscripts 

Wso  dimensionless heat source length ሺݓ௦/ܮሻ ave average 

xso  distance of the heat source from the left wall c cold wall 

Xso
dimensionless distance of the heat source 
from the left wall ሺݔ௦/ܮሻ 

f graphit slury fluid 

,x y cartesian coordinates  ff Ferro fluid 

,X Y  dimensionless coordinates
ሺܮ/ݔ,  ሻܮ/ݕ

h 
hot wall 

maxh the maximum hot wall tempreture 

Greek symbols ,i j index 
  thermal diffusivity s nano particle 
  thermal expansion coefficient so heat source 

1. INTRODUCTION

Lubricants are mainly used in various machine-
driven equipment to reduce friction between 
surfaces. One approach to enhance the thermal 
properties and stability of lubricants is to use free-
flowing powders as the main ingredients and 
additives in oils, greases, coatings and pastes. The 
non-Newtonian behavior of ethylene glycol-
combined lubricants was studied by Dareing and 
Dayton (1992). They determined the velocity and 
flow characteristics of graphite powder and 
molybdenum disulfide, separately mixed with 
ethylene glycol. For the first time, they examined 
the behavior of slurries in a lubrication film. Their 
results indicated how these powder lubricants 
could improve the behavior of classical Newtonian 

fluids. When nanoparticles are added to the base 
liquid, it can lead to the non-Newtonian behavior 
of the fluid .The linear relationship between shear 
stress shear strain rate does not apply to Non-
Newtonian fluids. Thus, these fluids are either 
shear-thinning (pseudoplastic) or shear-thickening 
(dilatant) (Bandyopadhyay and Das 2013; 
Bourada et al. 2020; Brandão and Ouarzazi 2021; 
Ghalambaz et al. 2020; Kumari and Murthy 2018; 
Lemus-Mondaca et al. 2013; Matin et al. 2013; 
Pishkar et al. 2019) Guha and Pradhan (2014) 
studied non-Newtonian fluids flow on a horizontal 
plane, and examined the natural convection heat 
transfer. The flow was analyzed as a one-
dimensional. Their study revealed that non-
Newtonian   dilatant  fluids  demonstrated  a 
higher heat   transfer   rate  than   Newtonian  and 
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pseudoplastic fluids for the same fully-developed 
Prandtl numbers. Kefayati (2014) examined the heat 
transfer from a non-Newtonian molten polymer in a 
square cavity with sinusoidal wall boundary 
condition using Finite Difference Lattice Boltzmann 
Method (FDLBM). Their results showed that the 
FDLBM is a suitable approach for solving this 
problem. They showed that heat transfer is generally 
reduced by increasing the Power-law index. Zhang et 
al. (2015) used the boundary layer theory, and 
examined the heat transfer and friction of non-
Newtonian power-law fluids in the boundary layer. 
They argued that the velocity profile, power-law 
index and Prandtl number influenced the distribution 
of the thermal boundary layer. Moraga et al. (2016) 
used streamlines and isotherms at different Rayleigh 
numbers to demonstrate the three-dimensional 
natural convective heat transfer of non-Newtonian 
power-law fluid in a cavity enclosed by an enclosure. 
One of the issues that is currently being discussed in 
the heat transfer processes is the need for a 
significant increase in heat flux and the reduction in 
the size of heat transfer equipment. In this regard, an 
important factor is the effect of thermal properties of 
the fluids on heat transfer and the application of the 
magnetic field. Fluids with suspended solid metal 
particles have higher thermal properties than 
conventional fluids. The introduction of magnetic 
field can also affect the process. In this study, Fe3O4 
nanoparticles that are sensitive to the magnetic field 
are used. The study of nanofluids heat transfer under 
a constant magnetic field has been reported in the 
literature(Aminossadati et al. 2014; Aminossadati et 
al. 2011; Ghasemi et al. 2011; Kasaeipoor et al. 
2015; Mahmoudi et al. 2013; Rahman et al. 2013; 
Rashad 2017). In all of these investigations, the 
magnetic field causes a change in the heat transfer 
from the enclosure in addition to the buoyancy forces 
and inertia. The constant magnetic field creates a 
source term in the equations and a 
magnetohydrodynamic effect on the flow and heat 
transfer.  

In practical situations, the magnetic field generated 
by an electric current (Current conductor wire) is not 
constant. That's why most studies have examined the 
heat transfer in a variable magnetic field. (Ashouri et 
al. (2010) studied natural convection heat transfer of 
a ferrofluid flow under a variable magnetic field in a 
square cavity. A permanent magnet with a 
rectangular dimension was located at a certain 
distance close to the bottom of the enclosure. The 
effects of buoyancy inductive flow were neglected. 
The Langevin model was used for modeling of 
magnetism. The results were depicted as a function 
of the Nusselt number on the walls. Tzirtzilakis and 
Xenos (2013) studied the flow of biomagnetic fluid 
in a cavity. The enclosure was under the influence of 
local steady magnetic field. A mathematical model 
was developed to formulate the problem included the 
ferrohydrodynamics and magnetohydrodynamics 
laws. The biomagnetic fluid was assumed to be a 
homogeneous Newtonian fluid under the influence 
of an electrical current conductor, having a 
magnetizing property. The results showed that the 
magnetic field affected the velocity field. The study 
focused only on the velocity field and the heat 

transfer was not considered. Selimefendigil et al. 
(2014) studied the influence of magnetic field and its 
local position on the fluid flow and heat transfer of a 
ferrofluid in an enclosure that was partially heated. 
The forced convective heat transfer of a ferrofluid in 
an open enclosure with a rotating cylinder was 
investigated by (Selimefendigil and Öztop (2014). 
The main of their study was to examine the effects of 
magnetic field and angular velocity on the heat 
transfer.  

Natural convection heat transfer from a ferrofluid 
under constant and variable magnetic field was 
examined by Yarahmadi et al. (2015). They observed 
that the heat transfer increased for a variable 
magnetic field; whilst, the heat transfer decreased for 
a constant magnetic field. They argued that for low 
Reynolds numbers and high solid-volume fractions, 
the effect of magnetic field was more significant. In 
addition, the effect of the oscillation frequency on the 
local heat transfer depends on oscillatory modes. The 
influence of magnetic field on laminar convection 
heat transfer for a ferrofluid flow in a spiral stainless 
tube was studied by Asfer et al. (2016). They argued 
that the variation of heat transfer coefficient was a 
function of several parameters such as the fluid 
thermal conductivity, the ferrofluid flow interaction, 
the ratio of magnetic to inertia force, and the 
nanoparticle accumulation near the wall. 

A review of the literature indicates that most 
researchers have used non-Newtonian power-law 
model in their analysis due to the lack of information 
and experimental results for the stress-strain 
behavior of non-Newtonian fluid. The present study 
uses the experimental properties of the fluid to 
determine the actual stress-strain relationship of 
matter. The relationship is used in the governing 
equations of momentum and energy. It is also 
concluded that the effect of MHD or FHD has been 
considered and both effects have not been studied for 
a given non-Newtonian fluid. Experimental results 
regarding the behavior Fe3O4/ graphite under the 
variable magnetic field are used to study the effect of 
the position of the magnetic field on the heat transfer 
and fluid flow in an enclosure. All properties of fluid 
that vary with the temperature are obtained from 
industrial and experimental references. The flow and 
heat transfer equations were numerically solved 
using a FORTRAN software code. 

2. DESCRIPTION OF THE 
PROBLEM AND GOVERNING 
EQUATIONS 

A schematic diagram of the square is presented in 
Fig. 1. It is assumed that the enclosure is filled with 
different lubricants and Fe3O4 nanoparticles (߶ ൌ
0.03). A mixture of ethylene glycol and graphite 
powder (graphite slurry) forms the lubricants with 
non-Newtonian behavior (Dareing and Dayton 
1992). A uniform temperature (Tc), is considered for 
the right and left walls; and the other walls are 
assumed to be thermally insulated. The heat source 
partially mounted on the bottom wall of the 
enclosure is assumed to have a sinusoidal 
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temperature distribution. Equation (1) presents the 
oscillatory temperature profile of the heat source.  

( ) ( ) sin( / )
max

( ) sin( ), 0.25 0.75

T x T T T x Lc ch h

X X Xh



 

  

   
             (1) 

The oscillatory temperature of the heat source is 
simulated by an electronic component having a pulse 
input voltage (Ghasemi 2005). The heat source has a 
length of ܹ ௦௢ ൌ ܮ/௦௢ݓ ൌ 0.5 and is located at ܺ ௦௢ ൌ
ܮ/௦௢ݔ ൌ 0.5. A magnetic field source H (x, y) is 
located in one of the four positions at a distance (d) 
from the sides of the enclosure, whose position is 
determined by the coordinates (a, b).  

The density variations are simulated by using the 
Boussinesq approximation and the fluid flow is 
assumed to be incompressible and laminar. The flow 
in the cavity is also bidirectional and steady. 

The acceleration of gravity is constant and in the 
negative direction of y (݃ ൌ െ9.81݉/ݏଶ). 

 

 

Fig. 1. A schematic diagram of the physical 
model. 

 

The magnetic nanofluid (ferrofluid) is influenced by 
the magnetic field. Therefore, two main forces will 
be applied to nanofluid. First is the magnetic force 
that depends on the tendency of the particles to 
coincide with the magnetic field (Kelvin force). 
Second is the Lorentz force that depends on the 
motion of the ions (electric charges) in the magnetic 
field (Rosensweig 2013). Governing equations of the 
problem include the mass conservation, momentum 
and their combination, presented in Eqs. (4) to (6) 
(Tzirtzilakis 2005; Vinogradov et al. 2011).  

 in 0Kelv Force  M H∇                               (2) 

Lorentz Force  J B                                         (3) 

0
u v

x y

 
 

 
                                                                (4) 

( )

2
0

u u p xyxxu vff x y x x y

H
M B u B B vy x yff ff

x




  

  
    

    


  



          (5) 

( )

( ) 0

2

v v p xy yy
u vff x y y x y

H
g T T Mcff ff

y

B v B B ux x yff ff

 


  

 

   
    

    


  



 

         (6) 

Since the ferrofluid particles are affected by the 
magnetic field, this force is very effective in the heat 
transfer of the fluid, because it increases the fluid 
motion. Two terms are added to the energy equation 
for the ferrofluid under the influence of the magnetic 
field: the term ߤ଴ܶሺ߲ܯ/߲ܶሻሺܶܦ/ܪܦሻ that 
expresses the thermal energy per unit volume 
depends on the magnetocaloric effect. This term 
deals with the effects of ferrohydrodynamics. The 
term ࡶ	ߪ/ࡶis Joule heating that ࡶ is electric current 
density, ࡶ ൌ ߘ ൈ ܪ ൌ ሺܸߪ ൈ  ଶ.  This term݉/ܣ, ሻܤ
is related to the effects of magnetohydrodynamics 
(Rosensweig 2013). Combining these two terms in 
the energy equation results in:  

 
2

( )

0

T T T
C u v k ffp xff xx y

T
k uB vBff y xy ffy

M H H
T u v

T x y







         

      

  
 

  

 
 
 

 
 
 

  

                                                                               (7) 

The graphite slurry is a non-Newtonian fluid. The 
relationship between the shear stress and the strain 
rate is given by (Dareing and Dayton 1992): 

1
( ) 2

1

2

n n
ij ij ij ij aij ij

uu ji
ij

x xj i

     



  


 

 

 
  
 

   



                    (8) 

Based on the above relations, the apparent viscosity 
is: 

cos

1
1 11

2 2 2

Apparent vis ity

n
uun ji

aij ij x xj i


 


      
   

 
 
 



  (9) 

The values of   and n  as a function of temperature 
are given in Table 1. 
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Table 1 the values of   and n  as a function of 
temperature for Graphite slurry (Dareing and 

Dayton 1992) 

n   ( . )
n

Pa s  C


(T) 
0.973 0.0572 20 
0.9710.0448 30 
0.9690.0390 40 
0.969 0.0361 50 

 

The two-dimensional required stresses are: 

(10) 

1

2

n
u

axx
x










 
 
 

 2xx axx xx     

1
1

2 2

u v

y x

n

axy




   
   




 
 
 

 2xy axy xy     

1

2

n
v

ayy
y










 
 
 

 2yy ayy yy     

Equations for the magnetic field are given in 
references 9 and 10, according to reference 
(Tzirtzilakis 2005). 

1
( )2 2

2 ( ) ( )

1
( )2 2

2 ( ) ( )

12 2
( )

2 2
2 ( ) ( )

H y bx
x a y b

H x ay
x a y b

H Hx y

H H Hx y
x a y b













 
  

  
  

 

  
  

H i j

             

                                                                             (11) 

where ܽ̄, ሜܾare the magnetic field source coordinates, 
 represents the strength of the magnetic field ߛ
andܪሜ௬,  ሜ௫are the intensity components of theܪ
magnetic field. 

( ) ( )k T T or M k H T Tc c      M H             (12) 

In Eq. 12, ݇ ′is a constant value and ௖ܶ
′  represents the 

Curie temperature and both are related to the fluid 
material. In general, in various materials, the excess 
of the temperature increases the vibrations of the 
atoms and the atoms cannot rotate well. As a result, 
the magnetic property of ferrofluid is destroyed. The 
temperature that causing it to occur is Curie 
temperature. The Curie temperature for Fe3O4 
nanoparticles is ௖ܶ

ᇱ ൌ  .(Blaney 2007)	ܭ738
According to the definition of vectors ܪ and ܯ:  

( )0 B H M                                                    (13) 

,௫ܤ  .are the components of magnetic induction	௬ܤ

2.1. Properties of Non-Newtonian ferrofluid 

Table 2 presents the equations that can be used to 
calculate the properties of the non-Newtonian 
ferrofluid as a function of the properties of the 
graphite slurry (f) and the properties of the Fe3O4 
nanoparticles (s) (Sheikholeslami and Ganji 2014).  

2.1.1. Graphite slurry  

The graphite slurry is a mixture of ethylene glycol 
and graphite particles (mass ratio of 8 to 1) (Dareing 
and Dayton 1992). The properties of ethylene glycol 
is determined using the tool box provided by (Anon 
n.d.) and the properties of graphite particles are 
determined using the experimental data from POCO 
graphit-an Entegris company (Anon 2015) as well as 
the data from the study conducted by Yue et al. 
(2012), Mostofizadeh et al. (2011) and Raisi et al. 
(2016). The graphite slurry properties are a function 
of temperature given by: 

Specific heat of graphite slurry: 

6
( ) 2.599732 10 5087.77

10 2
3.532 10 ( 273.15)

12 3
6.225 10 ( 273.15)

C Tp f

T

T

   


  


  

           

                                                                        (14) 

Thermal conductivity of graphite slurry: 

8 3 4 2

8 3 5 2

2.244 10 1.011 10 0.1433 135.186

1.87 10 8.46 10 0.1203 113.28

4 8 2
(0.30427 7.6310 10 6.4806 10 )

T T T

T T T

k T Tf

 

 

        
      

 
     

 

                                                                        (15) 

Consistency index of graphite slurry according to 
Table 1: 

0.4237 0.02468

3.96

T

f
T





 

                                       (16) 

The Celsius temperature scale is used in these 
relationships. 

2.1.2. Fe3O4 nanoparticles 

Fe3O4 nanoparticles have magnetic properties. Their 
specific gravity is obtained using the data of the 
reference (Westrum Jr and Grønvold 1969) and using 
the curve fitting as follows: 

Specific heat of Fe3O4: 

( ) 5200 (1.12 623.11)C Tp s                             (17) 

The Celsius temperature scale is used in this 
relationship. 

The ferrofluid properties can be determined by 
combining the properties of the graphite slurry and 
the properties of Fe3O4 nanoparticles according to 
Table 2. 
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Table 2  Properties of Graphite Slurry+Fe3O4 
Non-Newtonian ferrofluid 

Ferrofluid density: (1 ) sff f        

Specific heat of the ferrofluid: 

( ) ( ) (1 ) ( )C C Cp p sff fp        

Ferrofluid Thermal conductivity (Karimi et al. 
2015): 

1 ,
min

119.22, 0.06423, 20min

b
T

k a kff fT

a b T C

 
  
        

   

 

Consistency index of ferrofluid (Li et al. 2016): 

 2150 2.5 1ff f       

Electrical conductivity of ferrofluid: 

3( 1)

( 2) ( 1)
1

s

f

s s

f f

ff

f





 


 







  
   

Thermal expansion coefficient of ferrofluid: 

( ) ( ) (1 ) ( )ff f s        

 

Specific heat of ferrofluid: 

( ) 5200 (1.12 623.11) (1 )

62.599732 10 5087.77

10 23.532 10 ( 273.15)

12 36.225 10 ( 273.15)

C Tp ff

T

T

T

        

    
    
    

 

                                                                          (18) 

Thermal conductivity of ferrofluid: 

 

 

0.06423

1 119.22
20

4 8 20.30427 7.6310 10 6.4806 10

8 3 4 22.244 10 1.011 10 0.1433 135.186
8 3 5 21.87 10 8.46 10 0.1203 113.28

k ff
T

T T

T T T

T T T

  



       

    

       
       
 

                                                                             (19) 

Consistency index of ferrofluid: 

 2 0.4237 0.02468
150 2.5 1

3.96

T

Tff  
 

   
  

                      

                                                                             (20) 

Thermophysical properties of Graphite slurry and 
Fe3O4 nanoparticles are presented in Table 3: 

 

 

 

Table 3 Thermophysical properties of Graphite 
slurry and Fe3O4 nanoparticles 

1
( . )m




 

5 1
10 ( )K




 

3
( / )kg m



 

 

1.278  
10-4 

57 1180 
Graphite 

slurry 

25000 1.3 5200 Fe3O4 
 

In general, experimental correlations are valid in the 
temperature range between 20∘ܥ  and 90∘ܥ. 

2.2. Dimensionless governing equations 

The following non-dimensional parameters are used 
in the analysis: 

(21) 

x
X

L
  ,

y
Y

L
  ,

uL
U


 , 

vL
V


 ,

2

2

PL
P


 ,

T Tc

T






, maxT T Th c   ,

( , 0)0
2

 


H H a
b


 

The following non-dimensional governing equations 
are presented: 

0
U V

X Y

 
 

 
                                                            (22) 

   

*
2

2
.

. 2 1

/ 2
/

(

)

    
   

    

  
  

  

 
 



            

    
 

 
  
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(23) 
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







 
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 

 
   
 

 
 
 
 

     
    

     

   
 

  



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
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(24) 
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 

 
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 

 

(25) 

The non-dimensional numbers that are used in the 
above equations are given in Table 4: 

 

Table 4 Non-dimensional numbers used in Eqs. 
(21) to (25) 

Extended Prandtl number: 2 2 2
f

n n
f f L

Prf


   

  

Apparent viscosity: 

  1
0.5 0.5

n
U V

axy Y X


        

  1
0.5

n
U

axx X
    

  1
0.5

n
V

ayy Y
    

Extended Hartman number: 

 1/0 0
n nHa L H ff f f      

Temperature number: 
max1

c

h c

T
T T   

Curie temperature number:  max2
c

h c

T
T T


  

Extended Rayleigh number: 

2 1
max( )n

f h c f
n

f f

g L T T
Ra f

 
 

 
  

Extended Eckert number: 

  2
max

n
f f

n
p h cf

C T T L
Ec f

 
   


  

Extended Magnetic number: 

2 2
0 0 max( ) n

h c
n
f f

H k T T L
Mn f


 

 
  

 

2.3 Boundary conditions 

The following boundary conditions are used in the 
analysis: 

0U V  For the enclosure walls 

0  For the left and right walls 

0
Y





 For insulation walls 

sin( ),

0.25 0.75

X

X

 

 
 For the heat source 

3. NUMERICAL METHOD  

A control volume approach using a power law profile 
approximation is used to discretise the non-
dimensional governing equations presented in Eqs. 
(22)–(25). The power-law model is used to discretize 
the advection and diffusion terms and the second 
order central difference scheme is used for other 
derivatives. The SIMPLE algorithm is used to solve 
the set of discretised governing equations using the 
corresponding boundary conditions given in section 
3.3. After solving the governing equations for U, V 
and θ, other useful quantities such as Nusselt number 
can be determined.(Patankar 1980). 

The convergence was determined by: 

21
7

10,1

n n

i jnj i

 




 

  

 
 
 

                             (26) 

where n denotes the number of iterations and   is a 

parameter that can be U, V or  . Generally, the 
system is programmed and modeled using 
FORTRAN software.  

The local Nusselt number on the heat source is given 
by: 

, 0.25 0.75

0.0

k ff
Nu Xso

k Yf Y


   




                  (27) 

The average Nusselt number is given by: 

0.5

0.5

( )
1 X Ws so

so
X Ws so

Nu X dXNu m
Wso





                              (28) 

The change of Nusselt number is given by: 

0
100

Nu Num mMn Mn

Num Mn





 

                               (29) 

The average temperature of the ferrofluid is given 
by: 

( , )
1

domain

X Y dXdYavg
A

 

                                 (30) 

3.1 Grid independency 

An appropriate grid is selected so that the results are 
independent of the number of grid points. For the 
case, where the magnetic field source is in the 
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position (M1) with a coordinate of 
( , ) (0.5, 0.1)a b    (refer to Fig. 1), the results for 
the five different grid sizes are shown in Table 5. 
According to the results, the grid resolution of 
80 80  is selected for further simulations. The last 
row of the table 5 shows the percentage of the 
difference between the 120 120  grid and the
80 80  grid. 

 

Table 5 Effect of the number of grid points on 
average Nusselt number 

N
um

be
r 

of
 g

ri
d 

po
in

ts
 

Num 

3
10Mn f

  6
10Mn f

  

=
 5

f *
H

a
 

=
 1

00
f *

H
a

 

=
 5

f *
H

a
 

=
 1

00
f *

H
a

 

40 40 11.557 6.531 21.355 11.014

60 60 11.623 6.586 18.70 9.309 
80 80 11.723 6.667 13.967 8.419

100 100 11.725 6.669 13.958 8.392

120 120 11.726 6.670 13.950 8.390

 

3.2 Validation 

The validation of the numerical model is carried out 
by comparing the average Nusselt number from 
Turan et al. (2011) and the present study at Pr=100, 
different Rayleigh numbers (Ra=104 and 105) for 
n=0.6, n=1.0 and n=1.4. The results are tabulated in 
Table 6. The results indicate that the present 
numerical model is in good agreement with Turan et 
al. (2011) with a maximum error below 4%. 

The present code is further validated by applying the 
magnetic field and comparing the results against the 
study by Ghasemi et al. (2011). The results of this 
comparison in terms of the Nusselt number is shown 
in Fig. 2. Ghasemi et al. (2011) studied the effect of 
magnetic field on natural convection in a square 
enclosure filled with nanofluid. In their study, the 
nanofluid was under a uniform magnetic field in the 
direction of the x-axis whose geometry is given in 
Fig. 2. The studied range of the Rayleigh and 
Hartmann numbers was 10ଷ ൑ ܴܽ ൑ 10଻ and 0 ൑
ܽܪ ൑ 60, respectively. It is observed that there is a 
very slight difference between the Nusselt numbers. 

4. RESULTS 

Once the grid study and the code validation is 
completed, the effects of the magnetic field position, 
the Kelvin force (magnetic number) and the Lorentz 
force (Hartmann number) on the heat transfer rate 
and fluid flow are investigated. Since the fluid is 
Fe3O4/ graphite nanofluid, the constant values are 

ܴܽ௙
∗ ൌ 10ହ, ௙ݎܲ

∗ ൌ 283, ܧ ௙ܿ
∗ ൌ 10ି଼, ଵߝ ൌ 0.0, ଶߝ ൌ

15. The results are presented in two sections.  

 

Table 6 Comparison of the average Nusselt 
number obtained from the present study with 

numerical results obtained by Turan et al (2011). 

Max 
Difference 
(%) 

Present 
study 

Turan et 
al. (2011) 

Ra 

3.89 

5.93148 5.70903 
104

n=0.6 

13.29871 12.98500 
105

n=0.6 

2.75 

2.42125 2.40512 
104

n=1.0 

4.59123 4.72576 
105

n=1.0 

2.63 

1.32541 1.35514 
104

n=1.4 

2.22142 2.28945 
105

n=1.4 

 

 

 

 

Fig. 2. Schematic of the problem (Ghasemi et 
al. 2011) (bottom) and the validation: average 

Nusselt number with Hartmann number 
0.03  ( top). 
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 In the first section, the magnetic and Hartmann 
numbers are assumed to be constant (݊ܯ௙

∗ ൌ 10ସand 
௙ܽܪ

∗ ൌ 100), and the effects of the magnetic field 
position on the heat transfer rate and fluid flow are 
examined. Furthermore, the optimal position of the 
magnetic source is studied. 

 In the second section, the effects of the Kelvin and 
Lorentz forces on the heat transfer rate and the fluid 
flow are examined. 

4.1. Effect of the magnetic source position  

Considering that the location of the magnetic source 
is one of the important parameters in the process of 
heat transfer under the magnetic field, in this section 
the effect of the magnetic field position on the flow 
and temperature fields, as well as the heat transfer 
rate, is investigated. 

4.1.1. Displacement of the magnetic field 
source on the four sides of the enclosure 

Figure 3 shows the effects of the position of magnetic 
field source on the streamlines and isothermal lines. 
The location of the magnetic field is considered to be 
at four points of M1, M2, M3 and M4, which are at 
a distance of / 0.1d L  , from the center of the 
bottom wall (AB), right wall (BC), top wall (CD) and 
left one (DA), respectively (see Fig. 1).  

In all cases (except case M3), two counter-rotating 
vortices are formed inside the enclosure. The formed 
vortices are symmetrical when the magnetic source 
is located at points M1 and M3.  According to the 
direction of rotation of the vortices and also direction 
of the Lorentz and Kelvin forces, the strength of the 

vortices has a maximum value when the magnetic 
source is at point M1 and it has a minimum amount 
when the magnetic source is at point M3. As the 
streamlines indicate, the vortices become 
asymmetric when the magnetic source is placed at 
the points M2 and M4. In these cases, the vortex 
which is near the magnetic source decreases and this 
weakened vortex is shifted to the opposite side. It is 
also evident that when the source of the magnetic 
field is at the point M1, two large and strong vortices 
are formed in the enclosure and the heat transfer is 
maximal according to Fig. 4. It is also clear from the 
isotherms that these lines have more dispersion in the 
enclosure, resulting in more heat transfer.  

In the case of a magnetic field located at the point 
M3, two small and weak vortices are formed in the 
lower part of the enclosure and the heat transfer has 
the lowest value (see Fig. 4). Due to the symmetry of 
the enclosure, when the source of the magnetic field 
is positioned at the points M2 or M4, the magnetic 
field weakens the vortex near its side and displaces it 
towards the vortex of the other side. Isothermal lines 
are also directed to the opposite side. In general, it 
can be said that when the source of the magnetic field 
is close to the source of heat generation, the strength 
of the vortices and the heat transfer increase due to 
the direction of the magnetic field and vortices. 
When it is far from the heat generation source, the 
strength of the vortices and the heat transfer 
decrease.  

Table 7 also shows the average Nusselt number and 
its percentage increase for the four positions of the 
magnetic field source. The maximum percentage 
increase in average Nusselt number compared to the 
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absence of a magnetic field corresponds to the point  
M1. The presence of the magnetic field causes the 
percentage increase in average Nusselt number to be 
negative for other cases (M2, M3, and M4). 
Therefore, the presence of the magnetic field results 
in a reduction in the heat transfer rate in comparison 
with no magnetic field in these cases. 

 

Table 7 The Effect of the Place of the Magnetic 
Field on the Heat Transfer and average 

temperature for ࢌ࢔ࡹ
∗ ൌ ૚૙૝ , ࡸ/ࢊ ൌ ૙. ૚and 

ࢌࢇࡴ
∗ ൌ ૚૙૙ 

 M1 M2 M3 M4 

Num  6.767 5.450 4.190 5.450 

   3 -21 -57 -21 

avg  0.238 0.228 0.148 0.228 

 

Fig. 4. The effect of the position of the 
magnetic field on the local Nusselt number on 

the heat source (top) and average Nusselt 
number (bottom) for ݊ܯ௙

∗ ൌ 10ସ, ݀/ܮ ൌ
0.1and ܽܪ௙

∗ ൌ 100. 

 

4.1.2. Displacement of the magnetic field 
source along the edges 

In this section, the magnetic number of ݊ܯ௙
∗ ൌ

10ସand the vertical distance from the sides of the 
enclosure ݀/ܮ ൌ 0.1 are used to examine the effect 
of the position of the magnetic field along the sides 
AB, BC, CD and DA on the heat transfer for a 
constant Hartmann number of ܽܪ௙

∗ ൌ 100. Figure 6 

shows the average Nusselt number for different 
positions of the magnetic field source along the sides 
of the enclosure. 

 

 

 

Fig. 5. The effect of the position of the 
magnetic field on vertical velocity at the 

central line of the enclosure ௒ܸୀ଴.ହ (top) and 
temperature ߠ௒ୀ଴.ହ (bottom) for ݊ܯ௙

∗ ൌ 10ସ, 
ܮ/݀ ൌ 0.1and ܽܪ௙

∗ ൌ 100. 

 

The maximum heat transfer corresponds to the points 
A and B along the side AB. The heat transfer 
decreases by moving the magnetic field source to the 
center of the side AB. The displacement of the 
magnetic field location along the vertical sides of BC 
or DA leads to a maximum heat transfer at the bottom 
of the side (points A and B) due to the geometry 
symmetry.  The displacement of the field along the 
side of the CD does not lead to a significant effect. 
In general, it can be concluded that the maximum 
heat transfer occurs in the bottom corners of the 
enclosure (points A and B).  

4.1.3. Displacement of the magnetic field 
source along the normal direction to the 
edges 

In this section, the magnetic field source is located at 
one of the four M1, M2, M3 and M4 points and the 
effect of the displacement of the magnetic field 
location along the normal direction to the sides of the 
enclosure (direction (d) in Fig. 1) is studied. The 
Hartmann number is ܽܪ௙

∗ ൌ 100 and the magnetic 
number is ݊ܯ௙

∗ ൌ 10ସ. Figure 7 shows the average 
Nusselt number versus the distance (d/L) from the 
center of the sides AB, BC, CD, and DA. As can be 
seen from this figure, at point M1 the maximum heat 
transfer is at a distance of 0.01. As the distance  
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Fig. 6.  Effect of the position of the magnetic 
field along the sides of the enclosure on the 

average Nusselt number for݊ܯ௙
∗ ൌ 10ସ, 

ܮ/݀ ൌ 0.1 and ܽܪ௙
∗ ൌ 100. 

 

increases, the heat transfer decreases due to the 
decrease in the strength of the magnetic field and 
therefore the magnetic field at a longer distance can 
not have a significant effect on the motion of the 
vortices. The heat transfer slightly increases at the 
points M2 or M4 by increasing the distance of the 
magnetic field from the BC or DA sides. It was noted 
that the presence of magnetic field at M2 or M4 
points leads to a reduction in the heat transfer 
compared to no magnetic field at these points. 
Therefore, as the source distance from the sides 
increases, the higher heat transfer rate is expected. 
No significant change of heat transfer is observed at 
the point M3 by increasing d/L. 

 

Fig. 7.  Effect of the position of the magnetic 
field along the normal direction to the sides on 

the average Nusselt number for ݊ܯ௙
∗ ൌ

10ସand ܽܪ௙
∗ ൌ 100. 

 

4.2. Effect of the magnetic and Hartmann 
numbers on the heat transfer and fluid 
flow  

In this section, the effects of magnetic number 
variation due to FHD effects and the Hartmann 
number variation due to the MHD effects on heat 
transfer and fluid flow are discussed. In the previous 
sections, it was concluded that the maximum heat 
transfer in the enclosure was achieved by placing the 
magnetic field source in the corner of A, B . Also, the 

optimal vertical distance of ݀/ܮ ൌ 0.01 was 
obtained for the maximum heat transfer from the 
sides of the enclosure. Considering the above-
mentioned statements, the maximum temperature 
and Cartesian coordinates, and the symmetry of 
considered geometry, the heat transfer is studied by 
changing the magnetic number and Hartmann 
number at the point A near DA ( , ) ( 0.01, 0)a b   , 

at the point A near AB  ( , ) (0, 0.01)a b    and the 
point M1 ሺܽ, ܾሻ ൌ ሺ0.5,െ0.01ሻ.  

Table 8 shows the effects of magnetic number and 
Hartmann number on the heat transfer. There is no 
significant change in the heat transfer for different 
௙݊ܯ

∗and ܽܪ௙
∗ at the corner points. However, the heat 

transfer initially decreases slightly, and then 
increases with the change of ݊ܯ௙

∗ at the point M1. 
Heat transfer also decreases by increasing ܽܪ௙

∗. 
Since the variations of ݊ܯ௙

∗and ܽܪ௙
∗are significant at 

the point M1, the streamlines and isothermal lines are 
presented in Fig. 8 at this point.  

Figure 8 shows the effect of	݊ܯ௙
∗	and ܽܪ௙

∗on the 
streamlines and isothermal lines. The vortices 
become stronger (increase in ߰௠௔௫) as ݊ܯ௙

∗ 
increases and the isothermal lines are dispersed more 
in the enclosure. These indicate an increase in the 
heat transfer. However, the vortices are weakened 
(decrease in ߰௠௔௫) by as ܽܪ௙

∗ is increased and the 
isothermal lines are dispersed less in the enclosure. 
These indicate a decrease in the heat transfer. In 
general, the heat transfer in the enclosure, in addition 
to the buoyancy forces, is also due to the effect of 
FHD and MHD. The Kelvin force, which is due to 
the effects of the FHD, causes the flow of the inside 
of the enclosure to flow and the Lorentz force that is 
due to the MHD applied on the moving particles of 
the fluid. The vortices, which were initially formed 
in the enclosure due to the effects of buoyancy, are 
also affected by Kelvin and Lorentz forces. If these 
forces are exerted in the direction of the vortices, 
they will rotate more results in an increase in the heat 
transfer and vice versa. 

5. CONCLUSIONS 

Lubricants are mainly used in machine equipment to 
reduce friction and noise between surfaces. The use 
of free-flowing powders as main materials and 
additives in oils is a method to increase the thermal 
properties and stability of lubricants. Graphite slurry 
is one of the most widely used lubricants in the 
industry.   

This paper presents a numerical study on the natural 
convective heat transfer of Fe3O4/graphite slurry in a 
square cavity. The slurry was assumed to be a non-
Newtonian ferrofluid and the cavity was considered 
under a magnetic field. The non-Newtonian 
parameters of the graphite slurry (a mixture of 
ethylene glycol and graphite powder) were 
determined using the experimental values. The 
computational governing equations were obtained 
and solved based on the effects of 
Ferrohydrodynamics (FHD), 
Magnetohydrodynamics (MHD) and non-Newtonian  
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Table 8  Effect of the magnetic number and the Hartmann number on the heat transfer for ࡸ/ࢊ ൌ
૙. ૙૚, ࢌࢇࡾ

∗ ൌ ૚૙૞.

 

 

Fig. 8. Effect of the magnetic number and the Hartmann number on streamlines (top) and isothermal 

lines (bottom) at the point M1 and / 0.01d L  . 

 

fluid behavior.  The effects of magnetic field position 
and magnetic number due to the effects of FHD and 
Hartmann number due to MHD effects on heat 
transfer and fluid flow were investigated.  

By placing the magnetic field source at the four sides 
of the enclosure at the points M1 to M4, it was 
concluded that the strength of the vortices and heat 
transfer rate increased in the case where the magnetic 
field source was located at the point M1, close to the 
heat source. The strength of the vortices and heat 
transfer rate decreased at three other points due to the 
distance from the source of heat generation. 

Once the magnetic source was moved to the vicinity 
of the side AB, the maximum heat transfer rate was 
obtained for the location of magnetic source adjacent 
to the points A and B.. In addition, due to the 
symmetry, the maximum heat transfer was observed 
at the points A and B along the sides BC or DA, and 

no significant change was observed in the heat 
transfer by displacement of the magnetic field source 
along the side CD. 

The maximum heat transfer was for the case ݀/ܮ ൌ
0.01. The heat transfer decreased with the increase of 
d/L from the side AB at the point M1 due to a 
decrease in the strength of the magnetic field by 
increasing the distance. The magnetic field did not 
have a significant effect on the vortex movement. At 
the points M2 or M4 point, the heat transfer slightly 
increased with increasing the distance of the 
magnetic field source from the sides BC or DA. At 
the point M3, there was no considerable change in 
heat transfer. 

The heat transfer in the enclosure, in addition to the 
buoyancy forces, depended on the effect of FHD and 
MHD. The Kelvin force, due to the FHD effects, 
caused the flow of the inside of the enclosure to flow 

Num  

100Ha f
   5Ha f

   Mn f


 

( , )

(0.5, 0.01)

a b 


 

( , )

(0, 0.01)

a b 


 

( , )

( 0.01, 0)

a b 


 

( , )

(0.5, 0.01)

a b 


 

( , )

(0, 0.01)

a b 


 

( , )

( 0.01, 0)

a b 


  

11.33 11.73 11.78 11.77 11.78 11.78 103 

11.28 11.73 11.78 11.69 11.78 11.78 104 

11.04 11.74 11.78 11.34 11.79 11.78 105 

12.30 11.82 11.78 13.16 11.90 11.78 106 
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and the Lorentz force, due to the MHD applied on the 
moving particles of the fluid. The vortices, which 
were initially formed in the enclosure due to the 
effects of buoyancy, were also affected by Kelvin 
and Lorentz forces. If these forces are exerted in the 
direction of the vortices, they will rotate more results 
in an increase in the heat transfer and vice versa. 

By changing ݊ܯ௙
∗and ܽܪ௙

∗, when the magnetic field 
source was located at the bottom corner of the 
enclosure, there was no significant change in the heat 
transfer. However, when the magnetic field source 
was placed at the point M1, the heat transfers initially 
reduced slightly and then increased. Under these 
conditions, heat transfer decreased with ܽܪ௙

∗ 
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