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ABSTRACT 

The paper presents the multiscale analysis for the hydrodynamic step bearing with ultra low surface 

clearances where only the physical adsorbed layer is present in the outlet zone and the continuum fluid flow 

mainly occurs in the inlet zone. This bearing can occur under heavy loads. The flow in the outlet zone is 

described by the nanoscale flow equation, while the flow in the inlet zone is described by the multiscale flow 

equation incorporating both the adsorbed layer flow and the intermediate continuum fluid flow. The pressure 

and carried load of the bearing were derived. Exemplary calculations show that the fluid-bearing surface 

interaction has the strongest influence on the pressure and carried load of this bearing when the bearing 

surface clearance is as small as possible, the bearing step size is close to the surface clearance in the outlet 

zone and the value of the geometrical parameter   is the optimum one, which depends on the fluid-bearing 

surface interaction. For the strong fluid-bearing surface interaction, the carried load of the bearing can be 10 

times higher than that calculated from the classical hydrodynamic lubrication theory.  
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NOMENCLATURE 

0a ,
1a ,

2a , 

0m ,
1m ,

2m ,
3m , 

0n ,
1n ,

2n , 
3n  

constant 

 
P  dimensionless pressure, 

aotot uph /,
 

1Cy   /1,

eff

bf
 p  pressure of the film 

2Cy   /2,

eff

bf
 mQ  dimensionless mass flow 

rate ,
aototm uhq ,/  

1Cq   /1,

eff

bf
 

mq  mass flow rate per unit contact length 

through  the bearing 

2Cq   /2,

eff

bf
 

0
q  

jj


+
/

1
(>1) 

D  fluid molecule diameter S  parameter accounting for the non-

continuum effect across the surface 

separation in the outlet zone 

1,bfH  
1,,/ bfcrbf hh  u  sliding speed of the bearing 

ototH ,
 

2,,, / bfcrotot hh  W dimensionless load, )/( auw 
ibf ,   

ibf hh /  

bf
h  thickness  of the adsorbed layer 

j  separation between the ( )thj 1+ and
thj  

fluid molecules across the layer thickness 

ih  thickness of the continuum fluid 

film on the entrance of the 

bearing 

 

h  step size of the bearing 
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ototh ,
 surface separation in the outlet 

zone 
x  separation between the neighboring fluid 

molecules in the flow direction in the 

adsorbed layer 

itoth ,
 surface separation in the inlet 

zone 
2−


n

 separation between the neighboring fluid 

molecules across the layer thickness just 

on the adsorbed layer-fluid interface 

1,,bfcrh  critical thickness for 

characterizing the rheological 

properties of the adsorbed layer 

in the inlet zone 

  fluid bulk viscosity 

2,,bfcrh  critical thickness for 

characterizing the rheological 

properties of the boundary layer 

in the outlet zone 

a
  fluid bulk viscosity at ambient pressure 

1l  , 
2l  widths of the outlet and inlet 

zones respectively 

  fluid bulk density 

eff

bf 1,  effective viscosity of the physical 

adsorbed layer in the inlet zone a  fluid bulk density at ambient pressure 

eff

bf 2,  effective viscosity of the 

boundary layer across the whole 

surface separation in the outlet 

zone 

eff

bf 1,  
average density of across the adsorbed 

layer thickness in the inlet zone 

1, −jline
  local viscosity between 

the
thj and ( )thj 1−  fluid 

molecules across the layer 

thickness 

eff

bf 2,  
average density  across the whole surface 

separation in the outlet zone 

n  equivalent number of the fluid 

molecules across the layer 

thickness 

  exponent in the viscosity ratio formula 

 

1.    INTRODUCTION 

Hydrodynamic slider bearings were designed 

according to the classical hydrodynamic lubrication 

theory (Pinkus and Sternlicht 1961), which is based 

on the continuum hydrodynamics. Continuum 

hydrodynamic models have been developed 

plentifully for these bearings in different operating 

conditions (Asada et al. 2007; Dwivedi et al. 2013; 

Machado and Cavalca  2015; Swanson 2005). They 

can be valid for relatively large bearing clearances 

where the effect of the adsorbed boundary layer on 

the bearing surface is negligible.  

With the increases of the carried load, sliding speed 

or/and hydrodynamic film temperature, the 

hydrodynamic bearing will operate with very small 

bearing clearances where the thickness and effect of 

the adsorbed boundary layer should be considered. 

Particularly when the surface roughness is involved, 

in the local hydrodynamic area of the bearing, the 

surface separation can be comparable to the 

thickness of the adsorbed layer and the 

corresponding mixed lubrication analysis for the 

bearing should incorporate the adsorbed layer effect 

even for modest loads. It is disappointing that most 

of the previous research work did not consider these 

factors (Andharia et al. 2001; Maharshi et al. 2018; 

Naduvinamani et al. 2002; Prakash and Peeken 

1985; Prasad et al. 2012; Siddangouda et al. 2014).    

Another factor involving the adsorbed boundary 

layer effect should be the development of 

micro/nano slider bearings in micro 

electromechanical systems (MEMS), where the 

bearing clearance is essentially very small and the 

adsorbed boundary layer plays a vital role (Ho and 

Tai 1998; Judy 2001; Ramakrishnan et al. 2007). 

Classical hydrodynamic theories fail for micro/nano 

slider bearings, the analysis of which relies on the 

theory of physical adsorbed layer boundary 

lubrication (Zhang 2015a, b; Zhang and Pang 

2015). 

 In the hydrodynamic slider bearing with normal 

geometrical configurations, when the load is 

critically heavy, the surface clearance will be very 

low so that physical adsorbed layer boundary 

lubrication occurs and classical hydrodynamic 

lubrication theory (Pinkus and Sternlicht 1961) 

fails. There have been a lot of theoretical modeling 

of hydrodynamic micro/nano slider bearings with 

very low surface clearances (Zhang 2015a, b; 

Zhang and Pang 2015;  Qian et al. 2016, 2017). In 

those modeling, in the boundary lubrication area, 

the phase transition was treated as gradual across 

the surface separation  (Zhang 2015a, b; Zhang and 

Pang 2015;  Qian et al. 2016, 2017). 

In recent years, Zhang proposed that when the 

surface separation is low enough, the lubrication in 

a hydrodynamic contact should first enter into the 

multiscale lubrication consisting of both the 

adsorbed layer flow and the intermediate continuum 

fluid flow (Zhang 2020). He presented the 

multiscale analysis for the hydrodynamic line 

contact in this condition (Zhang 2021). He also 

proposed that in the hydrodynamic line contact,
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Fig. 1. Studied model of the hydrodynamic step bearing with the side leakage negligible. 

 

when the surface separation is further reduced, the 

whole Hertzian contact zone will enter into the 

physical adsorbed layer boundary lubrication (with 

the continuum fluid film vanishing), while most of 

the inlet zone should be essentially in the multiscale 

lubrication with both the adsorbed layer and the 

intermediate continuum fluid participating in the 

flow (Zhang 2022). Lin et al. (2022) showed that 

for the hydrodynamic line contact with very low 

surface separations, for the same load, the surface 

separation calculated from the newly developed 

multiscale scheme (Zhang 2021, 2022) is very close 

to that calculated from the previously developed 

analytical method (Zhang 2015a, b; Zhang and 

Pang 2015; Qian et al. 2016, 2017) based on the 

continuous phase transition across the surface 

separation. 

The present paper presents a new multiscale 

analysis for the hydrodynamic step bearing with 

very low surface separations by considering the 

outlet zone only in the physical adsorbed layer 

boundary lubrication and the inlet zone in the 

multiscale lubrication contributed by both the 

adsorbed layer and the intermediate continuum 

fluid. The studied bearing should occur under 

critically heavy loads. It is a more realistic model of 

the bearing. The present analysis is like the type 

shown by Zhang (2022). The obtained results for 

this particular bearing are fresh and of importance 

to properly understanding the behavior of the 

bearing. 

The model presented in this study will also be 

indicative to the following researches of 

hydrodynamic slider bearings with very small 

surface clearances involving the surface roughness. 

It will help to develop the corresponding more 

advanced mixed lubrication model for these 

bearings by incorporating the adsorbed boundary 

layer effect. The results given in the present study 

can also be directly referenced when doing 

experiments on micro/nano step bearings or 

designing these bearings in the future.      

2. MODEL OF THE BEARING 

Figure 1 shows the model of the hydrodynamic step 

bearing studied in this paper, which is two-

dimensional and has a negligible side leakage in the 

third dimension (i.e. in the y coordinate direction). 

In this bearing, the upper surface is stationary and 

the lower surface is moving with the speed u. When 

the bearing carries the load heavy enough, the 

bearing clearance in the outlet zone will be lower 

than the total thickness (2hbf) of the two adsorbed 

layers on the bearing surfaces so that only physical 

adsorbed layer boundary lubrication occurs in this 

zone; while, because of the bearing step size h , in 

the inlet zone are still present the continuum fluid 

film with the thickness hi, which is intermediate 

between the two adsorbed boundary layers. This is 

the model of multiscale mixed hydrodynamic step 

bearing, not addressed before. 

The coupled bearing surfaces are assumed as 

identical, and the thicknesses of the adsorbed layers 

on the two bearing surfaces both are hbf. For the 

present model of the bearing, the surface separation 

htot,o in the outlet zone should be lower than 2hbf. 

The surface separation in the inlet zone is htot,i, and 

the widths of the outlet and inlet zones are 

respectively l1 and l2. The used coordinates are also 

shown in Fig. 1. 

3. ANALYSIS 

In the present study, the flow of the adsorbed 
boundary layer is described by the nanoscale flow 
equation, and the flow of the intermediate 
continuum fluid is described by the Newtonian fluid 
model. The interfacial slippage was assumed as 
absent on any interface. Also, the following 
conditions were assumed: (a) the film viscous 
heating effect is negligible and the case is 
isothermal; (b) the influences of the film pressure 
on the density and viscosity of the film both are 
negligible; (c) the bearing surfaces are perfectly 
smooth; (d) there are no flow in the y coordinate 
direction (not shown), i.e. there is a negligible side 
leakage in the bearing. 
 

3.1 For the inlet zone 

In this sub zone, the thickness hbf of the adsorbed 

layer is comparable with the thickness hi of the 

intermediate continuum fluid, and the effect of the 

adsorbed layer should be considered; there should 
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simultaneously occur the adsorbed layer flow and 

the intermediate continuum fluid flow, which are 

respectively in different flow regimes. There were 

ever the multiscale approaches to simulate the 

adsorbed layer and continuum fluid flows 

respectively by molecular dynamics simulation and 

the continuum fluid model (Atkas and Aluru 2002; 

Liu et al. 2007; Sun et al. 2010; Nie et al. 2004); 

however those schemes are not successfully 

applicable for the present case owing to the 

requirement of the over large computer storage and 

computational time. Zhang (2020, 2021, 2022) has 

developed the efficient multiscale scheme for the 

present multiscale flow problem by using the 

nanoscale flow equation to describe the adsorbed 

layer flow and assuming the rheology within the 

continuum fluid film to follow the Newtonian law. 

According to his method, the total mass flow rate 

per unit contact length through the bearing is 

(Zhang 2020, 2021, 2022): 
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where 
ibfibf hh /, = , u is positive, p is the film 

pressure, ρ and µ are respectively the bulk density 

and bulk viscosity of the fluid, eff

bf 1,  and eff

bf 1,  are 

respectively the average density and the effective 

viscosity of the physical adsorbed layer in the inlet 

zone, ( )( )( ) 
1,,1, /1/
−

+−=
navrllinelxbf

eff

bf DnDh  , D and 

x  are respectively the fluid molecule diameter 

and the separation between the neighboring fluid 

molecules in the x coordinate direction in the 

adsorbed layer, 
jjq = + /10

(
j  is the 

separation between the thj )1( + and thj fluid 

molecules across the layer thickness) and 
0q  is 

constant,
, , 1(2 ) / [ ( 1)( / ) ]bf l line l avr nDI II h n  −= + −  , 

32

1,1 /)612( bf
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bf hDDF += , 

( )( ) 2

1,1,12 //16 bfnavrllinel
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bf hlnDF
−−−−=  , 98 is 

the equivalent number of the fluid molecules 

across the layer thickness, and 
2−n
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separation between the neighboring fluid 

molecules across the layer thickness just on the 

adsorbed layer-fluid interface. Here, 


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/)/(  ; 1, −jline  is the 

local viscosity between the 
thj  and ( )thj 1−  fluid 

molecules across the layer thickness, and 

, , 1 0
/

l i ne j l i ne j
q 

+
= . Integrating Eq. (1) 

gives that: 
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Based on the boundary condition 0
21
=+= llxp  , it is 

solved from Eq. (2) that: 

( ) 







+++−= 

2
1,211

ieff

bfbfm

uh
uhqllc

                 (4) 

The pressure in the inlet zone is thus: 

( ) ( ) ( ) 211,2,1 llxlforxGqxGxp imi ++=    (5) 

where 
1

21
,1

)(
)(

A

llx
xG i

+−
=

 (6) 

and ( )
( )









+

+−
= 

2
1,

1

21
,2

ieff

bfbfi

uh
uh

A

llx
xG      (7) 

Equation (5) gives the pressure on the boundary 

between the inlet and outlet zones as: 

)()()( 1,21,11 lGqlGlp imi +=                                  (8) 

 

3.2 For the outlet zone 

In this sub zone, the surface separation is so low 

that the continuum fluid film disappears and only 

the adsorbed boundary layer remains. Here, the 

nanoscale flow equation (Zhang 2016) was used to 

describe the flow in this zone, rather than by using 

molecular dynamics simulation; the total mass flow 

rate per unit contact length through the bearing in 

this zone is: 

dx

dphS
h

u
q

eff

bf

otot

eff

bfeff

bfototm

2,

3

,2,

2,,
122 


 +−=                 (9) 

where eff

bf 2, and 
eff

bf 2, are respectively the average 

density and the effective viscosity of the adsorbed 

layer in the outlet zone, and S the parameter 

accounting for the non-continuum effect across the 

surface separation in the outlet zone. 

Integrating Eq. (9) gives that: 
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where 2c  is an integral constant and 
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Based on the boundary condition 00==xp , it is 

solved from Eq.(10) that 02 =c . The pressure in 

the outlet zone is thus: 

( ) ( ) ( ) 1,2o,1 0 lxforxGqxGxp om +=     (12)   

where 
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Equation (12) gives the pressure on the boundary 

between the inlet and outlet zones as: 

( ) ( ) ( )1,21.11 lGqlGlp omo +=                             (15) 

 

3.3 Mass flow rate and carried load of the 

bearing 

Solving the coupled Eqs. (8) and (15) gives the 

mass flow rate per unit contact length through the 

bearing as: 
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3.4 Normalization 

The following dimensionless parameters were 

defined:  
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Here,
a and 

a are respectively the bulk density 

and the bulk viscosity of the fluid at ambient 

condition, and 
1,,bfcrh and 

2,,bfcrh  are  respectively 

the critical film thicknesses for characterizing the 

rheological properties of the adsorbed boundary 

layers in the inlet and outlet zones.  

3.4.1 For the present multiscale analysis 

iG ,1 , iG ,2 , oG ,1  and oG ,2 are respectively 
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The dimensionless mass flow rate per unit contact 

length through the bearing is: 
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−

−
=  (24)   

The dimensionless pressure in the inlet zone is: 

( ) ( )
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1
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2
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+
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The dimensionless pressure in the outlet zone is: 

( ) ( ) ( )
1
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+=



XforXGXGQXP oom

 (26) 

The dimensionless load carried by the bearing is: 

( )
2

1,

1

2

22

1

3

2

2

2

22

2

2

2

2

1

1

2

1

21

1

2

1412










+








+−









+
−

+
+









+
=














Cq
Br

K

Br

QK

B

KCq

B

QK
W

ibf
m

m   
(27)   

 

3.4.2 For the conventional hydrodynamic 

lubrication theory  

For comparison, the results calculated from the 

conventional hydrodynamic lubrication theory 

(Pinkus and Sternlicht 1961) are given as follows.  

The dimensionless hydrodynamic film pressure in 

the bearing is: 

1
1

)
126

)(1()(
3

conv

2


+
+−= Xfor

r

Q

r
XKXP m



， (28)                                                         

1
0)126()( ,

+
+−=



XforQKXXP convm

      (29)                                                 

where 
22 3

2

,
+

+
−=

r

rr
Q convm



                         (30) 

The dimensionless carried load by the bearing is: 
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  (31)                                                                        

4. CALCULATION 

The input parameter values for all the calculations 

are: 15.0/2 = − Dn
, 5.0=D and mll 2021 =+ . 

The parameters 
1Cq  and 

2Cq  are expressed as 

(Zhang 2021, 2022): 




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10,
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                                                          (32) 
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   (33) 

where 
0m , 

1m ,
2m and 3m are respectively constant. 

The parameter 
1Cy and

2Cy  is expressed as (Zhang 

2021, 2022): 
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  (35) 

where 
0a ,

1a and 
2a are respectively constant. 

The parameter S  is expressed as (Zhang 2021, 

2022): 

( ) 
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                                                          (36) 

 where 
0n , 

1n  and 
2n are respectively constant. 

1F ,
2F and  are respectively formulated as (Zhang 

2020): 

( )( )897.7ln905.1/218.01 −−−= nDnF               (37) 

( )( )( )( )43.4219.06499.1/10707.3 02

4

2 +++−−= −

− qnDF n

                                                          (38)   

)62.41)(188.0)(8.133)(419.31/(1056.4 02

6- ++++= −  qnDn

                                                                              (39)                                                                         

The weak, medium and strong fluid-bearing surface 

interactions were respectively considered. They 

respectively have the following characteristic 

parameter values: 

For the weak interaction:  

1,,bfcrh =7nm,
2,,bfcrh =14nm,  =0.5, n=3, 

0q =1.05, 

bfh =1.65nm 

For the medium interaction:  

1,,bfcrh =20nm,
2,,bfcrh =40nm,  =1.0, n=5, 0q =1.1, 

bfh =2.76nm 

For the strong interaction:  

1,,bfcrh =40nm,
2,,bfcrh =80nm,  =1.5, n=8, 0q =1.2, 

bfh =4.32nm 

The other characteristic parameter values for these 

interactions are respectively shown in Tables 1-3.  

 

Table 1 Fluid viscosity data for different fluid-

bearing surface interactions (Zhang 2021, 2022) 
  Parameter 
 
Interaction  

   0a   1a   2a  

Strong 1.8335 -1.4252 0.5917 

Medium 1.0822 -0.1758 0.0936 

Weak 0.9507 0.0492 1.6447E-04 

 
Table 2 Fluid density data for different fluid-

bearing surface interactions (Zhang 2021, 2022) 
 Parameter  

 
Interaction  

  

0m  

 

1m  

 

2m  

 

3m  

Strong 1.43 -1.723 2.641 -1.347 

Medium 1.30 -1.065 1.336 -0.571 

Weak 1.116 -0.328 0.253 -0.041 

 
Table 3 Fluid non-continuum property data for 

different fluid-bearing surface interactions 

(Zhang 2021, 2022) 
   Parameter 
 
Interaction  

 

0n  

 

1n  

 

2n  

 

3n  

Strong 0.4 -1.374 -0.534 0.035 

Medium -0.649 -0.343 -0.665 0.035 

Weak -0.1 -0.892 -0.084 0.1 

 

5. RESULTS 

5.1 Pressure distribution 

Figure 2 compares the pressure distributions in the 

present multiscale mixed hydrodynamic bearing for 

different fluid-bearing surface interactions when 

h =8nm,  =1, and 
ototh ,

=2.9nm; those pressure 

distributions are also compared with that calculated 

from classical hydrodynamic lubrication theory for 

the same case. It is strongly indicated that in the 

multiscale mixed hydrodynamic regime the pressure 

in the bearing is very significantly increased with 

the increase of the interaction strength between the 

fluid and the bearing surface; the weak fluid-

bearing surface interaction gives the pressures in the 

bearing close to the classical hydrodynamic theory 

calculation; however for the strong fluid-bearing 

surface interaction, the maximum pressure in the 

bearing is more than 10 times that calculated from 

classical hydrodynamic lubrication theory.  
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Fig. 2. Dimensionless pressure distributions in 

the present model of the bearing for different 

fluid-bearing surface interactions when 

h =8nm,  =1, and nmh otot 9.2, = . 

 

5.2 Carried load of the bearing  

Figure 3(a) plots the dimensionless carried loads of 

the bearing against the dimensional surface 

separation htot,o in the outlet zone respectively for 

different fluid-bearing surface interactions when 

h =8nm and  =1; for the comparison purpose, 

for the present multiscale mixed hydrodynamic 

bearing, the value of htot,o is limited to the very 

narrow range 2.8nm~3.3nm. For the same bearing 

clearance (htot,o), the carried load of the bearing is 

very significantly increased with the increase of the 

interaction strength between the fluid and the 

bearing surface; The weak fluid-bearing surface 

interaction has a negligible interaction effect on the 

carried load of the bearing, while the strong fluid-

bearing surface interaction gives the carried load of 

the bearing more than 10 times that calculated from 

classical hydrodynamic lubrication theory. 

Figures 3(b)-(d) respectively plot the dimensionless 

carried loads of the bearing against the dimensional 

surface separation htot,o in the outlet zone for wider  

values when the fluid-bearing surface interaction is 

weak, medium or strong. In these figures, the 

multiscale mixed hydrodynamic regime refers to the 

present mode of the bearing, while the multiscale 

hydrodynamic regime refers to the mode of the 

bearing where the value of htot,o is sufficiently large  

 

 
 (a) Comparison for different interactions 

 
 (b) Extended hydrodynamic regimes for the weak 

interaction 

(c) Extended hydrodynamic regimes for the 

medium interaction 

(d) Extended hydrodynamic regimes for the strong 

interaction 
Fig. 3. Plots of the dimensionless carried load of 

the bearing against the outlet surface separation 

htot,o  for different fluid-bearing surface 

interactions when h =8nm and  =1. 

 

so that there is the continuum fluid film intervening 

between the coupled adsorbed layers throughout the 

bearing, which has been studied by Shao and Zhang 

(2020). These figures show the much wider pictures 

where the load of the bearing is varied with htot,o. 

The strong fluid-bearing surface interaction is 

shown to have the strongest effect on the carried 

load of the bearing; this effect is more significant 

for a lower value of htot,o. 
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Fig.4 Variations of the dimensionless carried 

load of the bearing with the bearing step size h  

for different fluid-bearing surface interactions 

when  =1 and 
ototh ,

=2.9nm. 

 

 
Fig. 5. Variations of the dimensionless carried 

load of the bearing with  respectively for 

different fluid-bearing surface interactions when 

h =8nm and htot,o =2.9nm. 

 

Figure 4 shows the variations of the carried load of 

the present mode of the bearing with the bearing 

step size h  respectively for different fluid-bearing 

surface interactions when  =1 and 
ototh ,

=2.9nm. 

The minimum value of h  can only be around 

6.0nm; further lower values of h  will result in the 

failure of the present analysis. It is shown that over 

large h  values  make the interaction effect weak.  

Figure 5 shows that there is the optimum value of 

  for which the effect of the fluid-bearing surface 

interaction is the strongest in the present model of 

the bearing. The curve for the weak fluid-bearing 

surface interaction is overlaid with that for the 

conventional hydrodynamic calculation. This 

optimum   value depends on the fluid-bearing 

surface interaction. For the weak fluid-bearing 

surface interaction, it is 0.13 and very close to that 

calculated from the classical hydrodynamic theory 

(Pinkus and Sternlicht 1961); for the medium 

interaction, it is 0.03; for the strong interaction, it is 

0.005. The deviating of the value of   from this 

optimum one weakens the effect of the fluid-

bearing surface interaction. 

6. COMMENTING REMARKS 

The addressed bearing has the ultra low surface 

separations which are only on the 1nm scale. 

Experimental results on this bearing are still scarce 

in the literature maybe owing to the high 

experimental technique requirement. Molecular 

dynamics simulation results for this bearing are also 

little seen because of the bearing too big size to 

simulate in the x coordinate direction. In spite of 

these, the results obtained in the present study will 

provide important indications for the following 

researches.  

7. CONCLUSIONS 

A new multiscale calculation was made for the 

mode of the hydrodynamic step bearing where only 

the adsorbed boundary layer is present in the outlet 

zone and there is the continuum fluid film 

intervening between the coupled adsorbed layers in 

the inlet zone. This mode of the bearing occurs for 

ultra low bearing clearances. Typical calculations 

manifest the following points: 

(1) The fluid-bearing surface interaction has a very 

strong effect in this bearing; A strong fluid-bearing 

surface interaction greatly increases the load-

carrying capacity of the bearing.  

(2) There is the optimum value of the bearing 

geometrical parameter   for which the effect of 

the fluid-bearing surface interaction is the strongest. 

Also, smaller the bearing clearance, stronger the 

effect of the fluid-bearing surface interaction. 
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