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ABSTRACT

To investigate the dynamics of droplet-vortex interactions in particle-laden Karman vortex street flows, the
simulations were carried out by using Euler-Lagrange approach, which was validated by the available
experiments and numerical results. Then, the particle dispersion and the dimensionless frequency (Strouhal
number) of the wake flow were analyzed to evaluate the particle-vortex interactions. The particle dispersion
was statistically analyzed from both time and space dimensions and the different instantaneous dispersion
patterns were explained by the relative slip velocity. Two independent scaling parameters, Stokes number Sz,
and particle-fluid mass loading ratio ¢ were revealed, and the particle mean square displacement and the
Strouhal number were modelled by using these two scaling parameters, respectively. Finally, the characteristic
lengths of the particle-laden wake flow were researched, and the Strouhal number physical model was
developed based on the oscillating fishtail model. The results indicated that, firstly, Szz and ¢, which constitute
a dominant scaling group, can characterize the dynamics of droplet-vortex interactions in wake flow. Particles
gradually separate from the vortex with the increase of St due to the centrifugal effect, and the vortex intensity
and regularity get worse with the increase of ¢, which further disperses the droplets for their momentum
exchange with irregular vortex structures. Secondly, the length of the formation region and the width of the free
shear layer diffuse are the two simultaneous characteristic lengths of the Strouhal number in oscillating wake.
The proposed Strouhal number model gives a physical basis for the frequency determination, and the predicted
errors are within #1.5% error bands with mean absolute percentage error of 0.67%.

Keywords: Karman vortex street; Droplet dispersion; Unsteady; Vortex shedding; Strouhal number.

Nomenclature
English symbols Greek symbols
Cp, Cr, Cpp  drag, lift and base-pressure coefficients At time step
d, dp diameter of the cylinder and the particle &, width of the free shear layers diffuse
¥ total force on the particles per unit p particle-fluid mass loading ratio
volume
. wave length of tracked particle
frs vortex shedding frequency Ap trajectory
H width of the dead stream v kinematic viscosity
h width between the two vortex rows Vs Pi constant
Ly length of the formation region o oscillation angle of the fishtail
Lpy(x) particle dispersion width pc mass of particles per unit volume
/ ;l;i:[/ance of adjacent vortex in one vortex o Py fluid and particle density
mP mass of a single particle 7 flow characteristic time
NP particle number inside AVeen o particle acrodynamic response time
pressure oscillation angular frequency of the

P o fishtail
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pressure at the cylinder base (x = 0.5d, y

pb -0)
po inflow pressure
Rer fluid Reynolds number
Sr Strouhal number
5 Stokes number defined in Burger et al.
(2006)
Str macroscopic Stokes number
t time
U U, fluid and particle velocity vector
U Uy fluid and particle streamwise velocity
Uo inflow fluid/superficial gas velocity
X,z streamwise, radial and spanwise ordinate
x,(0) , .
"0 particle mean square displacement at ¢
Y

v, (x) particle mean square displacement at x

1. INTRODUCTION

In wake flows with the solid particle/liquid droplet
laden, the particle-vortex interactions, play a crucial
role in determining the structural characteristics
(Yang et al. 2000), improving the metering accuracy
of vortex flowmeter in wet steam/wet gas flow (Li et
al. 2018), and estimating the performance of many
industrial processes (Eaton and Fessler 1994), such
as coal combustion systems, oil droplet fueled gas
combustors, spray drying and cooling, pneumatic
processing of food particles. The particle-laden wake
flows are inherently complex involving multiple
flow scales, boundary layer separation, wake vortex,
and rapidly fluctuating pressure field (Burger et al.
2006). Besides, the dispersed phase and the vortex
structures couple in a nonlinear manner, the vortex
structures determine the particle dispersion, which in
turn affects the local environment surrounding each
particle/droplet and finally affects the dynamics of
the two-phase systems (Park et al. 1996).

In past several decades, the particle-laden wake flow
was investigated by many experiments (Bordas ez al.
2013; Schmeyer et al. 2014) and simulations
(Takahiko et al. 2009; Qiao et al. 2015), where the
influence of large eddies on the particle dynamics is
always focused on. For dilute particle-laden wake
flow, an important scaling parameter, Stokes number
(St) was introduced to predict the effect of organized
vortex structures on the particle dispersion process
(Crowe et al. 1985). Then different dispersion
patterns at different orders of Stokes number were
observed in experimental (Lazaro and Lasheras
2006) and numerical studies (Fan et al. 2004).

Obviously, the dispersed phase would also impact
the vortex dynamics of carried phase, especially in
the case of high particle-fluid concentration ratio
(Crowe 1991). Fleckhaus et al. (1987) found that the
particle-fluid mass loading ratio of 30% will cause
significant change in flow properties. Burger et al.
(2006) found that the lift coefficient would decrease
with the increase of particle diameter. Yang et al.
(1993) found that the presence of the particles can
lower the vortex shedding frequency, which was also
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Superscripts

A fluctuation amplitude

- time-averaged value

* non-dimensional variable
Subscripts

CFD CFD results

exp experimental results

pre predicted results by the modelling
Abbreviations

CFL Courant Friedriches Lewy number

MAPE  Mean Absolute Percentage Error

rRMSE relative Root Mean Square Error

observed by Tang et al. (1969) and Aggarwal et al.
(1996). It is noted that only the case of particle-laden
flow with unladen flow was compared in Aggarwal
et al. (1996), and the particle effects were analyzed
using an implicit particle loading parameter 4 in
Yang et al. (1993) without considering the viscosity
of the fluid and the non-uniform particle distribution
in the wake flow. To the best of the authors’
knowledge, the systematic study on the dynamics of
particle-laden wake flow, specifically the changing
law of integral quantities (e.g. force and frequency
characteristics) with the particle parameters were not
reported, which is partly due to the lack of analysis
on the scaling parameters which dominates the
particle-vortex interactions. In addition, for the
dimensionless frequency (Strouhal number) of the
oscillation wakes, although several characteristic
lengths were proposed to try to explain the physical
basis for determination of the frequency (Gerrend
1966, Williamson and Brown 1998), however, there
is still no universal formula developed, especially for
the particle-laden wake flow involved complex
particle-vortex interactions.

This study focuses on the dynamics of droplet-vortex
interactions in wake flow. Two scaling parameters (i)
Stokes number Sz and (ii) particle-fluid mass
loading ratio ¢, were acquired. The use of St and
¢ to sufficiently characterize the particle transport
dynamics and the vortex dynamics was discussed by
evaluating the particle dispersion and vortex
shedding frequency, respectively. Then, the
characteristic lengths of the particle-laden wake flow
were revealed to study the physical basis for the
determination of the frequency. Finally, the Strouhal
number physical equation was developed based on
the oscillating fishtail vortex shedding model.

2. NUMERICAL
VALIDATION

METHOD AND

2.1 Governing equations

To study the particle-vortex interactions, the
following assumptions are made for the analysis in
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particle-laden flow: (1) The flow is incompressible,
laminar and Stokes flow; (2) The particles are
spheres with diameters which are small enough
compared to the scale of large-scale vortex
structures; (3) The material density of the particles
are much larger than that of the carrier fluid; (4) The
particle-laden flow is dilute and the particle-particle
interactions are ignored; (5) The particle-wall
collisions are elastic.

For the continuous phase (gas), the continuity
equation and the momentum equation are written as

V.-U=0 (1)
DU 1 oo 1

—— =——Vp+vVU-—F 2
D1 P » 2

Py Py

where F) is the total force per unit volume exerted by
the fluid onto the particles.

For the discrete phase, as mentioned in the
assumptions, for heavy particles (density ratio py/or
>>1, which is valid for gas-solid particle and gas-
liquid droplet flows), the drag force is dominant and
and the effect of other forces (pressure gradient
force, lift force, virtual mass force etc.) is very small
(about 1%) (Armenio and Fiorotto 2001). Therefore,
only drag force is considered and the interphase force
F, in Eq. (2) is given by (Tomohiko and Eaton 2008)

F, Z&(U_Up)

T

3)

where 7, =(p,/p,)d, /18v is particle aerodynamic

response time; pc (= NP-m” /AVcen) is the mass of
particles per unit volume, M is the instantaneous
number of particles inside a differential volume
AVeell.

Then, the momentum equations for gas and particle
are

U-U
EszVpﬁLszUf&M 4)
Dt Pr Pr T
du, U-U
— L=t (5)

dr T

P

The Euler-Lagrange approach with Discrete Phase
Model (DPM) was applied to simulate the particle-
laden flow under the governing equations of Eq. (1),
Eq. (4) and Eq. (5). The particle motion is solved by
a Lagrangian method (Crowe et al. 1975) by tracking
a large number of particles through the calculated
unsteady, non-uniform flow field. The detailed flow
chart of the simulation program is shown in Fig. 1.

2.2 Computational domain and numerical
scheme

The calculations were performed using ANSYS®
CFX on a two-dimension domain (shown in Fig. 2)
since the instability producing the vortex street sheet
is two-dimensional (Bloor 1964). The sufficient
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outflow length Lo = 60d to avoid an effect of
unphysical reflection from the outflow boundary
(Posdziech and Grundmann 2007). The inflow and
lateral length are also set as L; =Ls=60d to avoid high
Strouhal number artificially. To capture the gradients
and flow profiles, the boundary layer needs to be
well resolved, hence, the local mesh near the cylinder
was refined to obtain a y* of about one. Boundary
conditions were as follows, the non-dimensional
inflow boundary was U" =1, V" = 0. The lateral
boundary conditions were set as U" =1, V* = oW/dy
= 0, called free stream condition to eliminate the
blockage effect (Posdziech and Grundmann 2007).
No slip conditions were applied on the cylinder
surface and symmetry boundary conditions in the
spanwise direction, 0U/0z = 0V/0z = 0. The outlet
was set as ‘opening’ with pressure p = 0, which has
good robustness and stability.

A second order backward Euler scheme was applied
for the time-discretization. A high resolution scheme
was applied for the advection discretization. The
convergence criterion was set to 105, A multigrid
method was used to solve the discrete linear
equations to enhance the convergence behavior, and
in general, only two iterations for each time step
were enough to satisfy the convergence criterion. In
this study, the independent grid and time step were
determined by monitoring drag and lift coefficient,
base-pressure coefficient and Strouhal number at Rer
=100, which are defined as

Boundary conditions and initialize
flow field

l

Solve the conservation equation
for gas phase (Egs. (1), (4))

l

Insert tracking particles

l

Solve the momentum equation
for liquid phase (Eq. (5))

Calculate particle displacement
dx,/dt = U,

l

Update particle flow field

Solution converged?

Fig. 1. Flow chart of the simulation program.
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Free stream condition U* =1, V" =6W/dy =0
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Fig. 2. Computational domain (a) one side of the domain and (b) local mesh near the cylinder.

Table 1 Numerical conditions and results for the grid and time step independent tests

Conditions | Numerical results
Rey= 100 KZS:S At(s) | Sr c, ¢, -C,
Grid independence
Mesh-1 1.0x10° 0.002 | 0.1613 1.379 0.349 0.725
Mesh-2 2.9x103 0.002 0.1641 1.328 0.323 0.711
Mesh-3 4.8x103 0.002 0.1641 1.326 0.321 0.709
Mesh-4 6.1x10° 0.002 | 0.1642 1.326 0.321 0.709
Time step independence
Mesh-3 4.8x10° 0.002 | 0.1641 1.326 0.321 0.709
Mesh-3 4.8x103 0.005 0.1639 1.326 0.319 0.708
Mesh-3 4.8x103 0.01 0.1624 1.325 0.318 0.706
Drag Lift number (CFL=UA#/Ax) (Dougherty et al. 2006) is
b= >—, C, = —, about one.
0.5p,UlLd 0.5p,UiLd . ‘ o .
' ' (6) For the discrete phase, the particles were injected in
Py Do S e frsd the projection area of the cylinder’s cross-section at
05,772 = the same velocity with gas phase, similar to Burger

C —_ ’

" 0.5p,U; U,
The numerical conditions and results are listed in
Table 1, where the superscript, —, denotes the time-

averaged value, *, denotes the fluctuation amplitude.

The time average stream-wise velocity profile at the
wake centerline for various mesh sizes, time steps
and particle numbers is shown in Fig. 3. Four meshes
were firstly tested with a time step of 0.002s and the
medium resolution with 4.8%10% nodes (Mesh-3) is
selected as the final mesh. Then the time step is
slightly increased to save the computational
resources. From Table 1 and Fig. 3 a), the time step
At =0.002s is used to ensure the solution accuracy,
which makes the average Courant Friedriches Lewy
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et al. (2006). To better track particle trajectory,
particles were injected every gas iteration with At =
0.002s, in general 4~5 iterations were needed for a
time step. Particles were fully coupled with gas phase
and the particle source change target for convergence
was set to be 0.01. From Fig. 3(b), with different
particle number rates laden, the results show no
significant changes. In this study, the number rate of
10000/s is set for all the particle-laden flow.

2.3 Code validation

To validate the numerical methods for fluid flow, the
results are compared with literatures in Fig. 4. An
excellent agreement is found for Strouhal
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Fig. 3. Time-averaged stream-wise velocity profile at the wake centerline for (a) various meshes, time
steps in gas flow and (b) various particle number rates in particle-laden flow.
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Fig. 4. Coefficients as a function of Reynolds number
(a) Strouhal number ; (b) Fluctuation amplitude of the lift coefficient; (c) Time-average drag
coefficient; (d) Time-average base pressure coefficient.

number (Fig. 4 a) and lift coefficient (Fig. 4 b). The
discontinuity in the experiments in Norberg (1994) is
because the laminar vortex shedding could not be
maintained for Res>165, which is most likely due to
the influence of the end plates, as discussed in
Williamson (1995). The drag coefficient (Fig. 4 c)
and base-pressure coefficient (Fig. 4 d) show a large
scatter, which may due to the limited experimental
conditions and the deviation of numerical methods,
as discussed in Qu et al. (2013). It should be noted
that present results are perfectly in agreement with
that in Posdziech and Grundmann (2007).
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To validate the numerical method for particle
tracking, the instantaneous particle distributions in
Karman vortex street with different particle
diameters are shown in Fig. 5 and compared with the
results in Burger et al. (2006), which shows good
agreement. The parameter /4// of the present study is
0.262, which is very close to 0.265 reported in
Burger et al. (2006). The quantitative comparison of
lift and drag coefficients is shown in Fig. 6, where
the Stokes number is defined as St = 7,+frs, and the
cut-off Stokes number Stcut-oft =1/2 7. From Fig. 6 a),
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Fig. 5. Instantaneous particle distribution in Karman vortex street (Rer=100, d = 7.5 mm, one-way
coupled) (a) present results (b) Results of Burger et al. (2006).
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Fig. 6. Comparison with the lift and drag

coefficients in Burger et al. (2006) (a) time series
in gas flow (b) statistical results in particle-laden
flow (two-way coupled).

the results are very close; from Fig. 6 b), the change
law with Stokes number is basically the same with
the results in Burger ef al. (2006). The discrepancies
may result from the different computational domain
sizes and the different boundary conditions
(Posdziech and Grundmann 2007). Through the
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above comparisons, the numerical method is

validated.

3. PARTICLE DISPERSION IN KARMAN
VORTEX STREET

To obtain the scaling parameters for particle-laden
flow, Eq.(4) is nondimensionalized as

DU _ p*+LV2U*—£W*

™
Re, Sty

where superscript,*, denotes a nondimensional
variable, U'= U/U,,t" = tUo/d,p* =(p- po)/prg s

w :(U—Up)/UO. Three
parameters, the gas Reynolds number Re, =Ud/v ,

the particle-fluid ~ mass ratio
$=pc/p,=m,/m, , and the macroscopic Stokes

nondimensional

loading

number St, =7,/7, =(pp/pg)deUU/18Vd have been

introduced here, where the flow characteristic time zr
=d/U.

Equation (7) reveals that, in addition to fluid
Reynolds number Rey; the scaling parameters related
to the particle include (i) the macroscopic Stokes
number S7. and (ii) particle-fluid mass loading ratio
@. Then to investigate the complex droplet-vortex
interactions, CFD simulations were conducted at
laminar flow condition (48 < Rer<180) according to
above scaling parameter analysis.

3.1 Instantaneous
patterns

particle dispersion

To study the effects of Sz and ¢ on the particle
response and dispersion in the vortex structures, the
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Fig. 8. Phase-locked droplet relative slip velocity along axial direction.

results of four typical cases listed in Table 2 are
analyzed in detail.

The tracked particle trajectory, the phase-locked
particle dispersion with vorticity contour (color map)
and the gas streamlines (lines) are shown in Fig. 7,
where the snapshots were taken from the transient
results corresponding to the maximum separation
angle to phase-lock the wake flows. To compare the
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particle motion quantitatively, the wave length of the
particle trajectory A1 and A2 are listed in Table 2,
denoted as mean = SD (Standard Deviation). To
understand the particle behavior, the phase-locked
relative slip velocities along axial direction are
shown in Fig. 8.

From Fig. 8, we can see that the peak of slip velocity
appear at the vortex center, which indicates that
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Table 2. Numerical parameters and the wave length of particle trajectory calculated from Fig. 7

Case No. St ¢ dy(um) | pp(kg/m?) Apr/d Apld

Case a) 4.7x104 0.1 10 100 13.824 +0.582 24.162 +1.595
Case b) 4.7x1073 0.1 10 997 13.921 +0.792 23.835+2.019
Case ¢) 4.7x10! 0.1 100 997 18.515 +3.099 36.333 £ 6.625
Case d) 4.7x1073 1.0 10 997 14.594 +1.233 27.794 +3.592

5t,=47x107, =01 oy Casca)

309 g St,=47x107, §=01 —m— | Cascb) 240

1| —o— si=47x10",4=01 @ |Casec)
25 o si=47x107,p=10 A |Caseq) 4160

I —<— Fluid tracers *
2.0+ - 80

yi(0) X2 (1)
& 1 Q PE

1.0 80
0.5 J-160
0.0 1 1 1 ! 1 1 L ! I 2240

40 60

80

100 120 140 160

Dimensionless time, " =:U, /d

Fig. 9. Lagrangian measurements of the particle dispersion with dimensionless time 7*.

velocity slip is more likely to occur at the center of
vortex. For Case a) and Case b) with small values of
¢ and S, the particles distribution can exactly
reproduce the vortex. (Fig. 7), indicating a good
particle following performance, meanwhile, the
wave length of particle trajectory Ap1 and 4,2 have no
obvious change (Table 2). For Case c) with large
St1, the vortex street could not be reproduced by the
particles distribution (Fig. 7), less particles could
reach the vortex core region. The velocity slip
magnitude of Case c) is about one order larger than
Case a) and Case b), indicating a strong particle
accumulation effect (Fig. 8). As a result, it’s more
difficult for the larger particles to oscillate in gas
flow, which is also reflected by the larger 4, in Table
2. For Case d) with larger ¢, the particle distribution
is messy both around the vortex and on the junction
of two vortexes (Fig. 7), and compared with Case b)
with the same Stokes number, 4, in Table 2 as well
as the slip velocity in Fig. 8 increase, which both
indicates a strong momentum exchange for droplets
with the irregular vortex structures due to the
droplet-vortex interactions.

To sum up, the parameter Stokes number mainly
influence the droplet dispersion and the response to
the vortex structures, while the parameter mass
loading ratio mainly affects the regularity of the
shedding vortex, then further affect the dispersion
through the momentum exchange with the droplets.
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3.2 Eulerian and Lagrangian measurements
of particle dispersion

To analyze the particle dispersion characteristics in
Karman vortex street, both Eulerian and Lagrangian
measurements were carried out. The Lagrangian
measurements of particle dispersion  with
dimensionless time ¢"are shown in Fig. 9, where the
particle mean square displacement in x-direction and
y-direction are

N(1) N(1)

-
X0 = N();[x,,,a) 5,0 x,(0= N(); x,,(0)
®)
N(t) 2 N(t)
v = o 71[y,,,-<z>—ym<z>]yym(t) N(t)zy,,,()

©
where x, (1) is the streamwise ordinate from x = 0,
7,0 is the lateral ordinate from the center of the

wake y = 0 , N(¢) is the number of the particle
introduced into the flow field for a given time ¢. The
measurements were calculated by tracking 2000
particles. The dispersion of Case a) with time is
given as an example.

As time goes by, x2() and 2 both increase first and
then tend to be constant. In x-direction, %

increases slowly on larger Stokes number condition
(Case c), especially in initial times, which is mainly
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Fig. 10. Particle dispersion at different downstream locations.

due to the slow particles response to the oscillating
gas flow. In y-direction, ¥2(0) increases with Stokes

number Sz, which is due to their different particle
responses shown in Fig. 9. y?(¢) also increases with

mass loading ratio ¢, which is mainly subjected to
the essay particle distribution around the irregular
vortex structures (Case d in Fig. 7).

It is shown in Fig. 9 that the particle dispersion
pattern is basically stable on #* = 150. To study the
particle spatial distribution in the wake flow, the
particle dispersion at different downstream locations
is shown in Fig. 10, where the particle dispersion
width Lyy(x) and particle mean square displacement
% (Yang et al. 2000) are calculated during ¢* = 0~

150

L, (X)= 5, s =V (i (10)
Ere I GGl )
yp = M(x ’
z (x) ( )
o )
> = 2 (x)yp,(x)

where ni(x) is the particle number passing through
the ith sampling bin, M(x) is the bin number a t a
given downstream x, ypi(x) is the lateral ordinate of
the ith bin. The measurements were calculated by
tracking 2000 particles and more than 1 million
particle locations are recorded totally.

For convenience, the wake is divided into the near
wake (0 <x"<6) and the far wake (x> 6) artificially.
For the particle dispersion width Ly, the effect of
Stokes number St becomes outstanding gradually in
the far wake (Case c) due to the centrifugal effect.
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The case with larger mass loading ratio (Case d)
shows larger dispersion width both in the near wake
and far wake, which is also due to the essay particle
distribution around the irregular vortex structures
(Fig. 7). For ,2(x)in the far wake, both larger Stokes

number and larger mass loading ratio leads to
enhanced particle dispersity, which is consistent with

Fig. 9. In the near wake, 2 ) decreases first and

then increases, which is due to the existence of
formation region (for detail in Section 4.2) where
back flow occurs both for gas flow and particles.

3.3 Statistical analysis and modelling of
particle dispersion

To investigate the dispersion on different droplet-
laden conditions, the statistical analysis and
modelling for particle mean square displacement
were conducted. From the results in Fig. 9 and Fig.
10, the particle dispersion pattern at x* = 24 on ¢*
=150 is basically stable, thus, the particle mean

square displacement ;2 is calculated at x" = 24 by

tracking 2000 particles during ¢* = 0~ 150. The
particle mean square displacement yTl)as a function

of Stokes number and mass loading ratio is plotted in
Fig. 11. It is shown that y? is positively related with

Stokes number and mass loading ratio, and the larger
the Stokes number is, the greater the particle
disperser tends to be, which agrees with the results in
Section 3.2.

Based on the above analysis, the particle mean
square displacement is modelled by the semi-
empirical equation

2
Fo ay+a,St, +a,p+a,St; +a,St, ¢

(12)
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Fig. 13. Diagram of the vortex street and roll-up of the shear layers.

where a0 =0.92, a1=10.0, a2=0.97, a3 =-3.69, as=
—0.68. The predicted results of Eq. (12) is plotted in
Fig. 12, 85.3% of the points located within +20%
error bands, the coefficient of determination R-
square is 0.973, the relative root mean square error
(rRMSE) is 12.56%, and the mean absolute
percentage error (MAPE) is 9.68%.

From the above analysis, it indicated that Stokes
number Sz and mass loading ratio ¢ can be as
dominant scaling group which can be used to
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characteristic particle dispersion dynamics in

Karman vortex street flows.

4. FREQUENCY CHARACTERISTICS IN
PARTICLE-LADEN WAKE FLOW

The vortex street formation based on shear layer
theory was described in Roshko (1954), Gerrend
(1966), which involves three streams (Fig. 13). Flow
“A” entrained into the growing vortex V1 generated
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Fig. 14. Strouhal number as a function of (a) Stokes number and (b) mass loading ratio.

from the opposite shear layer SL1; Flow “B”
entrained by the shear layer SL2; Flow “C” (reverse
flow) directed back into the formation region and
generating a new vortex. When the growing vortex
V1 becomes strong enough to draw SL2 across the
wake, V1 sheds from the bluff body and developed
to be mature shedding vortex in the wake flow.

4.1 The effect of Stz and ¢ on Strouhal
number

The frequency characteristic is very important for the
vortex dynamics of wake flow in Karman vortex
street as well as the droplet-vortex interactions. The
non-dimensional frequency, Strouhal number is
plotted against Stz and ¢ in Fig. 14, where Sr = frs
d/U, Uy is the superficial gas velocity.

Strouhal number decreases with the laden of
particles, which agrees with the simulation results in
Tang et al. (1969) as well as the analytical results in
Yang et al. (1993). From Fig. 14 a), with the increase
of Stokes number, Sr first decreases then tend to be
constant. Three different regions can be observed. In
the instant following region (St < 10-2) and complete
separation region (S#z > 0.5), Sr is almost unchanged;
in the phase separation region (102< Sz <0.5), Sr
decreased constantly. From Fig. 14 b), Strouhal
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number decreases with mass loading ratio, yet the
decrease rate for moderate Stokes number is larger
than of small Stokes number, which agrees with Fig.
14 a).

Based on the law in Fig. 14 and the parametric
analysis results in Section 3, the Strouhal number is
modelled by the following semi-empirical equation

(13)

where Sro is the Strouhal number in single-phase gas
flow, ki is constant coefficient, and ais power
exponent. In this study, Sro =0.1641, k1 = 0.2, o =
0.2456. The predicted results by Eq. (13) is plotted
in Fig. 15, the percentage errors are within +2.0%
error bands, the coefficient of determination R-
square is 0.978, the relative root mean square error
(rRMSE) is 0.67%, and the mean absolute
percentage error (MAPE) is 0.52%.

Sr = Sr,(1-k,St[¢)

From the above analysis, it is concluded that Stokes
number St and mass loading ratio ¢ can be as
dominant scaling group of the wake vortex dynamics
in the particle-laden wake flow, in other words, they
can characterize the dynamics of droplet-vortex
interactions in Karman vortex street flows.
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Fig. 15. Comparison between the actual and
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profile at the wake centerline.

4.2 Characteristic lengths of the wake flow
Journals

In Section 4.1, the Strouhal number equation is
developed with the scaling parameters Stokes
number and mass loading ratio. However, the
mechanism of these two scaling parameters on the
vortex shedding frequency is still unrevealed. To
explain the physical basis for the determination of
frequency  characteristic,  several  different
characteristic lengths were proposed, including the
wake width by Roshko (1954), the length of
formation region and the width of free shear layers
diffuse by Gerrend (1966), and the total wake
momentum thickness by Goldburg ez al. (1965). To
investigate the mechanism of particle effects on the
vortex shedding frequency, the characteristic lengths
would be analyzed.

From the shear layer theory in Fig. 13, it is well
accepted that the scale of the formation region is a
basic mechanism determining the frequency of
vortex shedding (Gerrend 1966). In this study, the
length of formation region (short as formation
length) Ly was determined as the length from the rear
surface of the cylinder (x = 0.5d, y = 0) to the second
point of vanishing the average velocity U, from

]
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Fig. 17. Formation length as a function of (a)
Stokes number and (b) mass loading ratio.

negative to positive values (Qu et al. 2013), as shown
in in Fig. 16, where the velocity profile was taken
from the time-averaged flow field at the wake
centerline (y = 0).

For the particle-laden wake flow, the formation
length Lyis plotted against Sz and ¢ in Fig. 17. From
Fig. 17 a), Lypresents an asymptotic trend, and only
particles with moderate Stokes number will cause
obvious increase for formation length L. The three
different regions (instant following region, phase
separation region and complete separation region) in
Fig. 14 a) can also be observed with the increase of
Stokes number. From Fig. 17 b), Lypresents different
trend with mass loading ratio, it increases constantly
on moderate Stokes number condition, yet decreases
slightly first and then increase on small Stokes
number condition.

In addition to formation length, the width of free
shear layer diffuse (short as shear layer thickness) is
suggested to be another major effect for vortex
shedding frequency (Gerrend 1966). In this study,
the shear layer thickness Jwis taken as the diffusion
length at the end of the formation region, defined as
(Monkewitz and Nguyen 1987)

U, .. _Uv=0

=t (14)
(dU/dy),,,,

where U, , and U _, denote the streamwise

velocity at the infinity and at the wake centerline y =
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0, respectively. The velocity profile at the end of
formation region is shown in Fig. 18, where
snapshots were taken from the transient results
corresponding to the maximum shear layer thickness.

Since the shear layer thickness J»changes
periodically during the vortex shedding process, in
this study, the time-averaged shear layer thickness

&, is extracted and plotted against Stz and ¢ in Fig.

19, where the error bars denote the standard
deviation in a vortex shedding period. From Fig. 19

a), o, presents an asymptotic trend with Stokes

number similar to the law of Ly in Fig. 17 a). From
Fig. 19 b), §, decreases constantly with mass

loading ratio in small Stokes number case. On
moderate Stokes number condition, &, decreases
first then tends to be a constant.

As discussed in Gerrard (1966), the frequency of
vortex shedding is closely related with the balance
between entrainment into the shear layers and the
replenishment by reversed flow. The length of the
formation region and the width of free shear layer
diffuse could characterize this balance process
described in Fig. 13. They both affects the shedding
frequency by influencing the vortex growing and
shedding, leading to the change of frequency
characteristics in particle-laden wake flow.

4.3 Strouhal number physical model

In Section 4.1, the Strouhal number mathematic
model is established with the external scaling
parameters Stokes number and mass loading ratio.
To study the physical basis for the determination of
the frequency characteristics, the physical equation
will be developed with the two characteristic lengths
proposed in Section 4.2.

The variations of the formation length and the shear
layer thickness with Strouhal number are plotted in
Fig. 20, for convenient, the time-averaged shear
layer thickness 5, is abbreviated as d»in the rest of
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this paper. It indicates that Strouhal number is a
function of shear layer thickness and the formation
length, i.e. Sr f (0w, Ly). Specifically, Sr is
negatively related with formation length Ls and
overall positively related with shear layer thickness
5{1).

Then, the Strouhal number physical equation for
particle-laden wake flow would be developed based
on the oscillating fishtail model, which is proposed
for vortex shedding by Birkhoff (1953). As shown in
Fig. 21, Birkhoff explained the Strouhal number
considering the equilibrium between the hydraulic
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Fig. 21. Birkhoff ’s oscillating fishtail model for
vortex street wake flow (Birkhoff 1953).

restoring force acting on the dead stream behind the
cylinder and the inertia force of the dead stream. The
angular oscillation of a dead stream with the center
of gravity at G about the axis of the cylinder is
governed by

d’e

I—+k0=0 15
7 (15)

where the moment of inertia of the dead stream

I=2p,LLH(0.5d + L) , the coefficient of restoring

moment acting on the dead  stream
k=27p U;L(0.5d + L) , H is the width of the dead

stream, 2L, is the length of the dead stream, s the
inclination of the dead stream.

The natural frequency of the dead stream

frs=0,/2n=U,[\JAxH(0.5d + L) , and the

Strouhal number is (Funakawa and Masaya 1969)

spoded 4 (16)
U, JArH(0.5d +L,)

Generally speaking, the length of the dead stream can
be scaled by the length of formation region, i.e. 2L
= Ly, and the dead stream width H is closely related
with the cylinder diameter d (Funakawa and Masaya
1969). According to the study of Gerrard (1966) and
the discussion in Section 4.2, the width of free shear

layer diffuse (shear layer thickness) also affects the
shedding frequency by influencing the vortex
growing. Hence, in this study, we assume that H =
kad + k30w, where k2 and k3 are constant coefficients.
Then, the modified equation of Strouhal number is

J“”( )(u lLfJ
2 2d

Based on the law in Fig. 20 and the formula in Eq.
(17), theoretically, the coefficient k2 is positive and
the coefficient k3 is negative. In this study, k2= 3.70,
ks = —2.54, which is consistent with the qualitative
analysis. The predicted results by Eq. (17) is plotted
in Fig. 22, where the percentage errors are within +
1.5% error bands, the coefficient of determination R-
square is 0.968, the relative root mean square error
(rRMSE) is 0.78%, and the mean absolute
percentage error (MAPE) is 0.67%. The fitting is
satisfactory considering there will inevitably be
some statistical errors during the data extraction for
the characteristic lengths.

1

k2+k3%

Sr= (17)

From the above analysis, it is concluded that the
length of the formation region and the width of the
free shear layers diffuse can be as the two
characteristic lengths for the oscillating wakes. The
proposed Strouhal number model in Eq. (17) gives a
physical basis for the determination of the frequency
characteristics by using these two characteristic
lengths. The above discovers are beneficial for the
further improvement of understanding on the
dynamics of particle-vortex interactions.

5. CONCLUSION

The droplet-vortex interactions in vortex shedding
was studied numerically by using the Euler-
Lagrange approach. The numerical method was
validated and a series of tests on different particle-
laden conditions were conducted. The dynamics of
droplet-vortex interactions were discussed by
evaluating the particle dispersion in Karman vortex

0.170
| 0 S,=12x10", =0-15 o
3 “ %
01654 B St=47x10 £ 9=0-20 - i
1o g=0.1,8,=47x10%-187 +1.5% <7 i
0.160 B
// ’/
0.155+ e L0 =1.5%
0.150 N
rprc //’ //' 1
0.145 .o Sr= - =
4 e o, 1 1L
| A 4,7[3.70-2.54_«*) —+-L
Ry d)\2"2d
0.140 p
] Rt R-square = 0.968
01354 S0 RMSE = 0.78%
A MAPE = 0.67%
0.130 zZ L 1 1 1 1 1 1
0.130 0135  0.140  0.145 0150 0155 0.160 0.165 0.170
Srern

Fig. 22. Comparison between the actual and predicted Strouhal number by Eq. (17).
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street and the frequency characteristics in particle-
laden wake flow. Both the Eulerian and Lagrangian
approaches were performed to quantify the particle
dispersion. Two scaling parameters, Stokes number
St and particle-fluid mass loading ratio ¢ were
revealed, and the effect of Stz and ¢ on the dispersion
and Strouhal number were analyzed from the particle
response and the shear layer theory, respectively.
The characteristic lengths of the wake flow were
proposed to study the physical basis for the
determination of the frequency. Finally, the Strouhal
number physical model was developed based on the
oscillating fishtail model. The main conclusions and
findings are as follows:

1) The two independent scaling parameters, (i)
the ratio of the particle’s aerodynamic response
time to the flow characteristic time, the Stokes

number Sy, =(p,/p,)d,’U,/18vd and the

particle-fluid mass loading ratio ¢ =mp/my,
which constitute a dominant scaling group, can
characterize both the particle dispersion
dynamics and the wake vortex dynamics in
Karman vortex street flows;

2)  With the increase of Stokes number St
particle gradually separates from the vortex
due to the centrifugal effect, three different
regions can be observed, named instant
following region (St < 10?), complete
separation region (Szz > 0.5) and phase
separation region (102< St <0.5); with the
increase of mass loading ratio ¢, the intensity
and regularity of the shedding vortex get
worse, which further disperses the droplet
dispersion for their momentum exchange with

irregular vortex structures;

3)  The length of the formation region (formation
length) and the width of the free shear layer
diffuse (shear layer thickness) are the two
simultaneous  characteristic ~ lengths  for
oscillating wakes of the particle-laden vortex
street; the formation length is positively related
with of Stz and ¢ on the whole, while the shear
layer thickness is positively related with St

and negatively related with ¢;

4)  Strouhal number is negatively related with
formation length and overall positively related
with shear layer thickness. The proposed
modified Strouhal number model in Eq. (17)
gives a physical basis for the determination of
the frequency for particle-laden wake flows,
the predicted errors are within * 1.5% error
bands with mean absolute percentage error of
0.67%.
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